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ABSTRACT 


We  consider  the  Cauchy  problem  associated  with  the  equations: 


u  =  v 
t  x 


(1) 


=  -p(u,9)  +  v 

t  X  XX 


[e(u,0 )  +  v2]fc  +  [p(u,0)v]x  -  [w^  =  0xx,  x  e  R,  t  e  R+  , 


with  the  initial  condition 

(2)  u(0,x)  =  uQ(x),  v(0,x)  =  vQ(x),  0(0, x)  =  0Q(x) 

The  equations  (1)  describe  the  one- dimensional  motion  of  a  particular  type  of 
nonlinear  thermoviscoelastic  material.  We  establish  the  existence  of  global 
solutions  when  the  initial  d.ta  belong  to  L1  n  BV  and  are  sufficiently  small 
in  terms  of  L^  n  BV.  Our  method  consists  of  linearization,  Fourier 
transformations  and  contraction  mapping  principle  via  variation  of  constants 
formula. 
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SIGNIFICANCE  AND  EXPLANATION 


This  paper  discusses  the  Cauchy  problem  associated  with  a  particular 
system  of  equations  of  one-dimensional  nonlinear  thermoviscoelasticity  with 
the  initial  data  given  in  the  class  of  functions  of  bounded  variation  (denoted 
by  BV).  It  has  been  known  that  the  class  of  BV  is  a  suitable  function 
space  for  the  study  of  evolution  equations  which  arise  in  continuum  mechanics 
in  order  to  admit  solutions  possessing  shocks.  This  fact  has  been  exploited 
in  the  analysis  of  hyperbolic  conservation  laws  which  describe  the  motion  of  a 
continuum  when  mechanical  and  thermal  dissipations  are  neglected.  On  the 
other  hand,  only  the  smooth  (classical)  solutions  have  been  studied  for  the 
equations  which  include  such  dissipative  terms.  Our  goal  is  to  study  the 
global  existence  of  weaker  solutions  of  systems  which  include  such  dissipative 
terms.  Our  main  result  shows  that  when  the  initial  data  are  sufficiently 
small  in  the  L1  and  BV  norms,  the  system  (1)  of  the  abstract  has  global 
solutions  in  time  possessing  specific  regularity  properties. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


GLOBAL  EXISTENCE  OF  SOLUTIONS  OF  THE  EQUATIONS 
OF  ONE-DIMENSIONAL  THERMOVISCOELASTICITY 
WITH  INITIAL  DATA  IN  BV  AND  L1 


Jong  Uhn  Kim 
0.  Introduction 

The  purpose  of  this  paper  is  to  establish  existence  of  global  solutions 
in  BV  for  the  Cauchy  problem  associated  with  the  equations  of  one¬ 
dimensional  nonlinear  thermoviscoelasticity: 
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(0.1) 


v 


X 

-p(u,0) 


X 


+ 


V 

XX 


[e (u,0 )  +  j  v2]fc  +  [p<u,0)v)x  -  [wx3x  =  exx 


-°°  <  x  <  °°,  0  <  t  <  “ 
with  initial  conditions 

(0.2)  u(0,x)  =  uQ(x),  v(0,x)  =  vQ(x),  0(0, x)  =  0Q(x)  , 

where  u,  v,  0,  p  and  e  denote  deformation  gradient,  velocity,  temperature, 
stress  and  internal  energy,  respectively,  and  the  conventional  notations  for 
partial  derivatives  are  employed.  Equations  (0.1)  are  the  conservation  laws 
in  Lagrangian  form  of  mass,  linear  momentum  and  energy.  From  physical 
considerations,  we  should  require  the  following  conditions: 


(0.3) 


u  >  0,  0  >  0 


Pu(u,9)  <  0,  eg(u,0)  >  0,  e^fu,©) 


For  a  detailed  account  of  physical  meaning  of 
referred  to  [3] ,  [4] . 


(0.1),  (0.3),  the  reader  is 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 .  This 
material  is  based  upon  work  supported  by  the  National  Science  Foundation  under 
Grant  No.  MCS-7927062,  Mod.  1. 


Now  let  ua  discuss  briefly  the  significance  of  our  problem.  Equations 
(0.1)  have  both  mechanical  and  thermal  dissipations  which  preserve  the 
smoothness  of  initial  data.  This  fact  was  shown  in  [3] ,  [4] ,  which  treated 
equations  more  general  than  (0.1).  Slemrod  [7]  proved  that  the  thermal 
dissipation  alone  is  enough  to  establish  the  existence  of  global  smooth 
solutions  for  initial-boundary  value  problem  with  small,  smooth  initial  data. 
Without  dissipation  terms,  (0.1)  reduces  to  the  hyperbolic  conservation  laws: 


/■ 

\  ~  Vx 

<  Vt  "  -p(u'6)x 

[e(u,8)  +  -1  v2)t  ♦  (p(u,6)v)x  -  0  , 


which  are  certainly  incapable  of  smoothing  out  rough  initial  data. 
Nevertheless,  the  Cauchy  problem  for  (0.4)  has  global  solutions  of  class  BV 
when  the  initial  data  have  small  variation  [5] .  We  are  naturally  led  to 
believe  that  the  same  is  true  of  any  new  system  of  equations  obtained  from 
(0.4)  by  adding  dissipation  terms  [2].  This  conjecture  has  not  been 
verified.  In  this  note,  we  shall  give  an  affirmative  answer  with  some 
reasonable  assumptions.  The  main  result  is  Theorem  2.1. 

Next  we  shall  give  a  sketch  of  our  method.  For  convenience,  we  introduce 
new  variables  u(t,x)  -  u,  0{t,x)  -  5,  which  we  shall  still  call  by  u(t,x) 
and  B(t,x),  where  u  and  9  are  positive  constants  and  (u,0,5)  is 
regarded  as  the  given  equilibrium  state.  At  the  same  time,  we  define 
(0.5)  p(u,9)  ■  p(u+u,  5+8),  e(u,8)  =  e(u+u,  5+0)  . 


Then  (0.1),  (0.2)  are  equivalent  to 


u  =*  V 
t  X 


(0.6) 


y  v  =  -p(u,9)  +  v 

St  e  x  xx 


^  [e(u,0)  +  j  v2]t  +  (p(u,6)v]x 


[w  ]  =  9 

xx  xx 


with  initial  conditions 


(0.7) 


u(0,x)  *  uQ(x)  d=f  uQ(x)  ~  u,  v(0,x)  =  vQ(x)  d=f  vQ(x),  9(0, x) 
0Q(x)  d2f  0Q(x)  -  5  , 


while  (0.3)  is  equivalent  to 

(0.8)  u  >  -u,  9  >  -S  , 

(0.9)  Pu(u,9)  <  0,  e0(u,9)  >  0,  e^u.O)  -  (S+0)p0(u,0)  -  p(u,9)  . 

In  addition  to  these  physical  assumptions,  we  assume 


(0.10) 


p(u,9),  e(u,9)  are  analytic  functions  of  (u,0)  in 
a  neighborhood  of  (0,0)  with  p(0,0)  =  0  and  p0(O,O)  ?  0 


Assuming  everything  is  smooth  enough,  (0.6)  combined  with  (0.9)  is  equivalent 
to 

r 


(0.11) 


u^  =  v 
t  x 


V  *  ~p(u,0)  +  V 

t  X  XX 


«  p0(u,0)  s  121 

9  = - : — —  (§+0)v__  +  - — ; — Sr  v  +  — : — —  0 


t  e0(u,9) 


x  e0 (u, 9)  x  e0(u, 0)  xx 


The  linearized  equations  associated  with  (0.11)  are 


(0.12) 


u^  *  v 

t  X 


<  v^  *  au  +  b0  +  v 
It  x  x 


xx 


.  9  =*  dv  +  C0 

V  t  X  xx 


-3- 


where  a,  b,  c,  d  are  constants.  Now  we  are  in  a  position  to  summarize  our 


strategy.  First,  by  the  method  of  Fourier  transform,  we  analyze  solutions  to 
(0.12),  (0.7),  assuming  (Ug,vo,0Q)  e  (I*1  n  BV^3,  Then  we  collect  all 
information  on  the  regularity  and  the  asymptotic  behavior  of  solutions  to  this 
linear  problem.  Based  on  this  information,  we  construct  a  suitable  function 
space  and  also  a  contraction  mapping  via  variation  of  constants  formula  so 
that  the  fixed  point  may  be  the  solution  to  (0.11),  (0.7).  Finally,  we  verify 
that  this  solution  is  also  a  solution  to  (0.6),  (0.7),  (0.8)  in  the  same 
function  space.  In  fact,  this  approach  was  used  in  [6) . 

As  a  final  remark,  it  is  reported  that  our  method  does  not  work  out  in 
case  tuo,vo,0Q)  e  (BV)3 4 5  rather  than  (uo,vo,0Q)  e  ^  n  BV*3, 


Notation 

We  use  the  following  notations  throughout  this  paper. 

(1)  For  f  s  R+  *  R  ♦  R,  we  write 

3  f(t,x)  -  f  (t,x)  ■  ~  ( t, x) ,  3  f ( t, x)  -  f  ( t , x ) 

t  t  X  X 


3f(t,x) 

3x 


3  f(t,x)  =*  f  (t,x) 

XX  XX 


32f (t,x) 
3x2 


(2)  For  f  e  1*^  (R) ,  we  write  Ifl  ■  J_m  jf(x)|dx.  we  adopt  the 
conventional  notation  for  other  Lp-norms. 

(3)  Cg (R)  is  the  space  of  continuous  functions  tending  to  zero  at  infinity 
and  its  dual  is  denoted  by 

M  :  the  Banach  space  of  all  finite  measures. 

(4)  For  f  e  M»  Ifl  *  total  variation  of  f  as  a  measure.  Since  L1  is 
isometrically  embedded  into  M,  there  is  no  ambiguity  in  notation. 

(5)  P£(x)  stands  for  the  Friedrichs  mollifier. 
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(6)  Convolution  is  taken  with  respect  to  x  variable  alone  unless  specified 
otherwise,  and  we  write 

f ( x) *g( x )  =  /_oo  f(x-y)g(y)dy  , 

f(t-T,x)*g(x,x)dT  =  /J  f(t-T#x-y)g(T,y)dydT  . 

-1 

(7)  Fx  means  the  Fourier  transform  with  respect  to  x  and  r  ^  means  the 
inverse  Fourier  transform  with  respect  to  £.  We  write  f(S)  =  F^f(x) 
and  f  ( x )  =  F^f(Z). 

(8)  P*(ft)  stands  for  the  space  of  all  distributions  in  ft,  where  ft  is  an 
open  subset  of  Rn.  When  X  is  a  Banach  space,  P*((0,“);X)  denotes 


(9) 


the  space  of  X-valued  distributions  in  (O,00). 

1  00  1 
Ag'  is  the  space  of  all  function  f  in  l'(R)  for  which  the  norm 


!1  f  II  +  sup 
h+0 


If (x+h)-f (x) I 
|h|B 


is  finite,  where  0  <  B  <  1  (see  [8]). 


( 10)  For  f  6  *!'  ,  we  write  I  I  I  f  I  I  |  =  sup  *  . 

8  8  h+0  |h|B 

(11)  The  same  letter  M  will  be  used  for  different  constants  which  are 
independent  of  t.  Its  independence  of  other  constants  will  be 
indicated  whenever  necessary. 

(12)  W1 ' 1  is  the  space  of  all  function  f  in  L^(R)  such  that 

~  e  L1  (R). 
dx 


5- 


1 .  Linearized  Equations 

As  stated  in  the  introduction,  we  shall  use  the  method  of  Fourier 
transform  to  estimate  the  fundamental  solution  of  the  linear  equations: 


(1.1) 


u  =  v 
t  X 


v  *  au  ♦  b0  +  v 
t  x  x  xx 


.  6  =  dv  +  c6 

>•  t  X  XX 


where  a  *  ~P„(0»0)  >  0,  b  *  -pfl(0,0)  +  0,  c  -  — ; -  — r  >  0  and 
u  ®  eg(0,0) 

P6(0,0) 

d  *  -  — —  0.  Applying  the  Fourier  transform  with  respect  to  x,  (1.1) 

6q  J 

yields 

(1.2)  Y(t,£)  -  A(C)Y(t,5)  , 


u(t,£) 


o  ,  H  ,  o 

where  Y(t,5)  -  I  v(t,£)  I  and  A(C)  -  I  ia£  ,  -£2  ,  ibC 


0(t,£) 


0  ,  idC  ,  -ct 


Denote  e*”*^  by  G(t,€)  and  by  G(t,x).  We  call  each  entry  of 

the  matrix  G(t,x)  by  G^tt.x),  i,j  «  1,2,3.  Our  principal  objective  in 
this  section  is  to  analyze  G^j(t,x).  Since  it  is  not  easy  to  obtain  the 

A 

explicit  formula  for  G(t,t),  we  shall  use  the  Dunford  integral  to  express 
G(t,C): 

tA(C)  1  f  ,lT  a,,..-1  Xt., 

(1.3)  e  =  2*^  Jp  (Xl-A(O)  e  dX 

where  T  is  a  contour  encircling  all  the  spectrum  of  A(C)  in  the  complex 
plane.  This  is  useful  because  we  know  the  explicit  formula  for  the 
integrand.  Let  us  define 

(1.4)  p(5,X)  *  X3  +  (c+1)C2X2  +  (c£4  +•  a?2  +  bd£2)X  +  ac£4 
Then,  (Xl-&(5))  1  is  the  matrix: 


-6 


where 


ir 

C12' 

C13 

21' 

C22 ' 

C23 

31' 

C32 ' 

C33 

■  {X2  +  (c+1)C2X  +  bd£2  +  c£4}p(£,A)  1  , 

C12  "  {iCX  +  » 

C13  =  » 

C21  “  {iaCX  +  iac£3}p(£,A)  1  , 

C22  =  U2  +  ' 

C23  =  ib£A  p(C,X)  1  , 

C31  "  -ad£2p(£,A)  1  , 

C32  =  id£A  p(£,A)  1  , 

C33  =  U2  +  ^X  +  a52}P<5,X)-1  . 

(1.3)  implies 

(1.5)  G^U.S)  =  2^1  CijeXtdX*  for  if  j  =  1.2,3  . 

It  is  interesting  to  see  that 

(1.6)  G21(t,x)  =  aG12(t,x),  G13 ( t,x)  =~5G31<t'x)f  G23(t,x)  =fG32(t'x)  / 

which  are  obvious  from  the  expressions  for  C^’s,  and  that 


(1.7) 


a_ 

at 


’G11(t,x) , 
G21 (t,x), 
G31(t,x), 


G12(t,x), 

G22 (t, x), 

G32 (t»x) » 


G13(t,x)' 
G23 (t,x) 

G33(t,x)_ 


0,3,0 

x 


a3x,  3  ,  b& 

xx  x 


0  ,  d3  ,  c3 

X  XX 


G^ttjx),  G12(t,x),  G13(t,xn 


G21(t,x),  G22(t,x),  G23(t,x) 


^G31(t,x),  G32 (t,x) ,  G33(t,x) 
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holds  in  D*((0,*)  *  R) 


Before  estimating  L-norm  or  total  variation  of  each  and  its 

derivatives,  we  shall  explain  the  general  strategy  of  estimtion.  First,  we 

analyze  the  roots  of  the  polynomial  equation  p(£,l)  =  0,  which  are  the  poles 

of  Cij.  Second,  noting  that  the  value  of  integral  in  (1.5)  is  simply  the  su"' 

of  residues  of  C^e  at  each  pole,  we  obtain  the  residues  in  the  form  of 

infinite  series  in  £.  Finally,  we  use  the  following  fact  to  obtain  an 

estimate  of  L^-norm  of  a  function. 

00  1 

Lemma  1.1.  Suppose  f(x)  e  CQ(R).  Then  for  0  <  6  <  — , 

(1.8)  i  |x|0f(x)l  <  T2  e|f(C)«2  +  /^T  2  f  (5)  i  2 

L  L 


(1.9)  I  |x|0f(x)I  <  ^  T1+0lf(C)l  +  T  2+e«|fH5)l2 

L 

hold  for  all  T  >  0. 


Proof .  The  result  follows  from  the  inequality 


/«.  |x|0|f(x)|dx  <  /lx)<T|x|S|f(x)|dx  +  /lxl>r|xf 1+0|xf(x)|dx 


and  Holder's  inequality. 

According  to  the  theory  of  algebraic  functions  [1],  the  roots  of 
algebraic  equations  are  expressed  by  the  Pulseux  series  in  the  parameter  in  a 
neighborhood  of  the  multiple  root.  But  for  the  equation  p(£,A)  =  o,  it  is 
easy  to  see  that  the  Puiseux  series  reduce  to  the  Laurent  series  in  £  for 
I? I  large  and  to  the  Taylor  series  in  £  for  f£|  small. 

Lemma  1.2.  There  exist  positive  numbers  p  <  n  such  that  the  roots  of 
P(£,M  =  0  are  given  by 
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,  .  / — “  r  a+bd(c+1)  r2  ,  „<r3, 

A-l  =  l/a+bd  C  “  2 (a+bd)  C  +  °(C  >  ' 


,  .  / — ~r~- r  r  a+bd(c+1)  r2  ,  „,r3, 

X2  =  -i/a+bd  e  -  -277+-^y-  5  +  0(C  )  , 


A  =  -  -  C2  +  0(C4) 

3  (a+bd) 


if  | C|  <  P  and 


:  ,2  bd  1 

xi  '  *ce  ' 


-  ,  _?2  ,  „  0(^, 
2  C_  I  ^2 


~  abd-a  c  1  „ . 1  . 

S  ■  -■  *  — ; —  ^  *  0I7' 


if  |£|  >  n,  where  the  standard  symbol  0(*)  denotes  the  remainder  of  the 
Taylor  or  Laurent  series. 

We  omit  the  proof  which  can  be  given  by  direct  computation. 

Remark  1.3.  In  stating  above  lemma,  it  was  implicitly  assumed  that  c  f  1. 

The  analysis  for  the  case  c  =  1  may  be  a  little  different  from  the  technical 
viewpoint.  But  the  estimates  for  G^j(t,x)  are  the  same  and  we  assume  c  /  1 
throughout  this  paper. 

A 

Lemma  1.4.  G^(t,5)*s,  i,j  **  1,2,3,  are  analytic  functions  of  £  for  each 

t  >  0  and  they  can  be  expressed  in  the  following  forms:  If  |5|  <  P  <  p, 

1  .  .  £  ,  j-.  bd+0(£2)  a+bd  5  +  0(5  )} 

(1*10)  G11(t'5)  =  a+bd+0~(T)~  6 

.  f  .  / — ~r~.  a+bd(  c+1 )  ,.2  _  ,  ^3  ,  i 

.  a+0  ( C )  t{-l/*T£5  5  *  "iTa+bdT  5  +  °(C  )} 

2 ( a+bd)+0 ( C )  6 


t  am  « -  IrSfsf  <2  *  °«3» 

2 ( a+bd )+0 ( £ )  ® 
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(1.11) 


(1.12) 


(1.13) 


(1.14) 


(1.15) 


Uc-  5  *  °^3)  t{_  Z2  +  °(^4)} 

r. _ a+bd _  a+bd 

12(t,5)  *  a+bd  +  0(5)  e 


a+bd  +  0(C)  ® 

,  /iTM+Q(C)  ^Ic2  +  0(C3)> 

-2(a+bd)+0(C)  ® 


Sma  “‘^-"jriSr52*’"3” 

2 ( a+bd)  +  0(C)  ® 


.  t  C2  +  0(C4)} 

C,  _  -b _  (a+bd) 

( a+bd)+0 ( C )  ® 


(a+bd) +0(4) 

-  »<-*«=  ^  -  IriSr  ‘2  *  °"3’> 

2 (a+bd)+0 ( C)  ® 


b  tU/SE35-»-|f^li52.o<c3,) 

2 ( a+bd)+0 (C )  6 


,  -abc2dC2  +  0(C4)  t{“  (a+bd)  ^  +  0{^)} 

m  3  e 

(a+bd)  +  0(C) 

2 (a+bd)  +  0(C)  B 


a.  /  i  7a  .  vj  r  _  ^  ^ 

(a+bd)  +0(C)  U  bd  5  2 (a+bd) 

2 (a+bd)  +  0(C)  6 


WSstr  +  ou*)} 

irfiSr +  °<*3» 


•iabcC  +  0(C3)  t{(a+bd)  5  +  0(? 

2  e 
(a+bd)  +  0(C) 


rDfl )  + 

ffiajjuit  t{-i/sra  5  ‘  <2  *  °"3» 

(a+bd)  +  0(C)  ® 


,  V»  •  r  V  \  / 

gg..,«  ?2  * »''3» 

i+bd)  +  0(C)  ® 


0(C2)  t{'^§de2  +  0(^ 

+  0(0  e 


')} 


.  r  , /“TT^  r  a+bd(c+1 )  „2 

L  0(0  t{  i/a+bd  5  -  TTa+bdT  5 
i)  +  0(C)  ® 
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..  £  tti/^bd  C  -  C2  +  OK3)} 

bd  +  0(C)  2 ( a+bd) 


+  2 (a+bd)  +  0(C)  6 


and  if  |£|  >  n  >  0, 


A  ,  0(1) 

(1.10)*  G  (t.d  *  — - : -  e 

C tc(c-l)  +  0(— )} 

r 


tt-cC  +  0(1  )> 


(1.11)* 


-„i2  .  0,1)  t(-'  *  01'» 

+  A  1  e 

C  {i  ♦  o (—— ) > 

5  2 

1  +  —  {bd-a(c+1 ) )— —  +  O(-^r)  t{-a  +  +  0(^7)} 

c  k2  4  c  ^2  ^4 

♦  — - e 

1  +  -  {bd-a-2ac}“  +  O(-^r) 
c  ?2 

1  +  0(V  2 

G  it, 5)  -  — ^ «t(’ce  *  0O” 

12  dtc(c-l)  +  0(— )> 

C2 

i(c-1)  +  0  (~)  , 

e2  t{-r  +  od)} 

+  - - -  e 

Ct(l-c)  +  0(— )} 

r 

ic  +  O(-^r)  t{-a  +  O(-^r)} 

C2  C 

+  - - -  e 

C(c  +  0(— )} 

€ 


a  b  t{-c£  +  0(1 ) } 

(1.12)*  G1,(t/C)  =  - 5 - : -  e 

13  c(1-c)C  (1  +  Ot-1-)} 

r 


b  t{-d  +  0(1)} 

+ - 2 - i - e 

(c-l)Hl  +  0  (~r)  ) 

r 

tt-a  +  0(^— )} 

-b  e2 

+  —2 - i —  e 

cC  {1  +  O(-^r) ) 

c2 
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(1.13)* 


(1.14)* 


(1.15)* 


where  P 


+  0(i7)  2 

a  .  C_1  42  t(-cr  +  od)} 

G  (t,5)  -  -r - : -  e 

2  €  (c(c-1)  +  0{~)} 


1  +  0(-U 

c  t{-e  +  0(1)} 

+ - T"  e 

i  +  0(— ) 

c 

-ac  +  0(-^— •)  t{-a  +  O(^-r)} 

r  r 

+  - -  e 

rtc  +  0  l-^— )  > 

T 


G23<t,5>  = 


t{-c?2  +  0(1)} 


t{-£  +  0(1)} 


-ibc  +  0  (— r) 

_ c 

5{c(c-1)  +  0 (— r) } 

r 

-ib  +  0  (—•) 

,  c2 

+  e 

£{(  1-c)  +  0(— )} 

r 

-iba  +  0  {— r)  t{-a  +  0(^-)} 

- A*  5 

S3  (c  +  0  (— r) } 

r 


1  +  0(1~) 

a  . .  r  t{-ct  +  od)} 

G  (t,5)  -  - 7“  e 

1  +  0  (*^r) 

r 

♦  O(i-) 

c-1  £2; 

+  _ - - —  e 

£{(1-0  +  0(-l} 

r 

—  +  0(— )  t{-a  +  0 (~ r)  } 

£2  C2 


t{-r  +  od)} 


£4{c  +  0(~)} 

r 


is  taken  so  small  and  n  so  large  that 


bd  a  1 

(^  t  a  t  -)  -  «  1 
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and  the  size  of  each  0(*)  is  only  a  small  fraction  of  its  preceding  term. 

At 

Proof.  Using  Lemma  1.2,  we  can  directly  compute  the  residues  of  C^e  to 
obtain  the  result. 

Now  we  fix  P  and  h  such  that  the  statement  in  Lemma  1.4  holds  true. 
Then  we  have 

Lemma  1.5.  The  roots  of  P(£,A)  =  0  belong  to  a  compact  subset  of 
(A  e  C  :  Re( A )  <  0}  for  all  5  e  R  with  P  4  |S|  4  h. 

Proof .  Suppose  this  were  not  true.  From  the  expressions  for  A^'s  an<* 

A^'s  in  Lemma  1.2,  it  follows  that  there  should  exist  e  [P,h]  such  that 

P(Cjj,iP)  =  0  for  p  e  R.  But  this  is  impossible,  since 

P(€q  ,ip)  =  i{(c£g  +  a5o  +  bd^o*P  ”  ^  +  aC^0  ~  ^o(C+1)112 
cannot  be  zero  for  £g  e  [P,h],  a  >  0,  c  >  0  and  bd  >  0. 

A 

From  this  lemma,  it  is  easily  seen  that  G_(t,£)  and  its  derivatives 
are  uniformly  bounded  analytic  functions  of  (t,£)  in  (0,“)  x  (p,n). 
Furthermore,  they  decay  to  zero  exponentially  fast  as  time  tends  to  infinity. 
Now  we  begin  to  analyze  each  G^ftjX)  in  the  L^setting.  Let  us 


( t  ,£ )  -  G^tt,?)  -  e  at,  (t,x)  * 


define 
(1.16) 

Lemma  1.6.  H^t.x)  e  C([0,«)>  L1),  1^(0, x)  =  0,  a^^t.x)  e  C([0,-)»  L1), 
3xHi(0.x)  =  0,  S^H^tjX)  e  C(<0,»);  M)  and  the  following  estimates  hold: 
(1.17)  lH  (t,x)l  4  M,  for  all  t  >  0  , 


(1.18) 


13  H  ( t, x) I  4  M( 1+t) 
x  1 


for  all  t  >  0 


(1.19)  «3  H- (t,x) I  <  M(t  +  t6)”1,  for  all  t  >  0  , 

xx  1 

where  M  is  a  constant  independent  of  t. 

Proof.  First  we  shall  obtain  estimates  for  the  case  t  >  1.  Define 
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. ,  -t  52  ti-L/Zbi  5  -  S7djS-r 

a  „  _  a  bd  a+bd  a  2 (a+bd) 

(1.20)  -  B)(t,{|  -  —  . 

td/JSJ?  -  t2) 

a  2(a+bd> 

“  2 (a+bd)  e 

Then,  using  Lemmas  1.4,  1.5,  we  obtain  ^ 

(1.21)  lH2(t,£)l  <  Mt”1,  l||  H2(t,C)»  2  <  Mt4,  for  all  t  >  1  , 

L 

5  _  _1 

(1.22)  !5lL(t,5)l  <  Mt  4,  •tr(CH,(t,5))l  ,  <  Mt  4,  for  all  t>1  . 

2  l2  35  2  l2 


By  (1.9)  with  T  *  t  ,  6=0  and  (1.8)  with  T  *  t,  0=0, 


(1.23) 


lH2(t,x)l  <  Mt 


(1.24) 


,3xH2(t'X)l  <  Mt 


hold  for  all  t  >  1 .  By  the  dominated  convergence  theorem, 

lH2(tt,5)  -  H2(t2,5)l  ♦  °  ,  l|^  H2(t1#5)  -  H2(t2,5)i  2+o 

L 

l5H2(t1f5)  -  5H2(t2,5)i  2  *  0  *  <||(5H2(t1,5))  -  ||(5H2(t2,5))«  2 

L  L 

as  t^  +  t2#  for  t^ ,t2  >  1.  Therefore  H2(t,x)  e  C((1,®).'  L1)  and 
3xH2(t,x)  e  C ( [  1 ,°° ) »  L1).  Next  we  define 


(1.25) 


*  , .  r.  p2a  , .  -at  abd-a  c  .  -at 

H,(t,5)  =  5  H,(t,5>  -  ae - te 

■3  £  C 


Then  it  is  easily  seen  that  3 

(1.26)  lH3(t,5)«  <  Mt~2,  l|^H3(t,5)«  2  <  Mt  4,  for  all  t  >  1  . 

L 


Hence,  by  (1.9)  with  T  *  t  ,  6  *  0,  we  obtain 


(1.27) 


lH3(t/x)l  <  Mt  ,  for  all  t  >  1  . 


By  the  same  argument  as  above,  e  C([1,*)»  L1).  In  the  mean  time,  it 


is  known  that 


(1.28)  F-V<16i-r5 

S  2  -W 

(»>8tl2 


(x+3t)' 

4rt 


,  for  r  >  0  , 


(1.29)  (g^)  J  e  4rt  e  C((0,*)j  L1),  for  all  integer  m  >  0 


d-30) 


(x+3t)‘ 

4rt 


•  4  M  t  ,  for  all  integer  m  >  0,  t  >  0 
mr 


where  depends  only  on  m  and  r.  Thus  H^tjX)  e  C(I1,“)j  L1), 

3xH1(t'x)  l1)'  3xxHi(t*x)  ec([1,»)}M)  and  (1.17),  (1.16),  (1.19) 

hold  for  all  t  >  1  by  taking  large  M  if  necessary.  Next  we  analyze 
H1 (t,x)  for  0  4  t  <  1.  From  the  estimates 

A  0 

(1.31 )  iH^t,?)!  <  M,  •^H1(t,C)<  <  M,  for  0  4  t  <  1 

(1.32)  ICH^t,?)!  2  4  M,  ljjjr(£H1  (t,£))l  2  4  M,  for  0  <  t  <  1  , 

L  L 

we  obtain 


(1.33) 


lH1 (t,x) I  <  M,  for  all  0  4  t  4  1 


(1.34) 


»3xH  (t,x)l  4  M,  for  all  0  4  t  4  1  , 


by  (1.8),  (1.9)  with  T  “  1 ,  g*0.  It  is  easy  to  see  that 
Hj(t,x)  e  C( [0,1] ,  l/  )  and  3^H^(t,x)  e  C([0,1);  i/ )  by  the  dominated 
convergence  theorem,  since  G(t,C)  is  the  principal  matrix  solution  of 
(1.2),  G^(0,£)  =*  1  for  each  £•  Hence,  H^(0,£)  *  0  for  each  £,  from 
which  it  follows  that  H^OfX)  *  0,  a^H^OjX)  »  0  in  L1.  Finally,  we  define 


(1.35) 


ft  e^  _  r2ft  r,  abd-a  c  .  -at  -at 
H^(t,t)  *  t  H^(t,t)  -  - - -  te  -  ae 


Then  we  find  that 
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(1.36) 


_  _1 

»H.(t,5)ll  <  Mt  2 ,  U37  ,  <  M,  for  0  <  t  <  1  , 

4  os  4  2 

L 

from  which  it  follows  that 

(1.37)  lH4(t,x)l  <  Mt  6,  for  all  0  <  t  <  1  , 

1 

by  (1.9)  with  T  =  t2 ,  3=0.  H4(t,x)  e  C( (0,1] j  L1 )  follows  from  the  same 

argument  as  before.  Therefore,  S^H^tt.x)  e  C((0,1];  M)  and  (1.19)  holds 
for  all  0  <  t  <  1  (with  larger  M  if  necessary). 

Let  us  define 

(1.38)  H,.  (t,x)  =  e  at6(x)  +  3xGl2^t,x^  • 
where  <S(x)  is  the  Dirac  delta  measure.  Then,  we  have 

Lemma  1,7.  G12(t,x)  e  C([0,“)>  L1),  G12(0,x)  -  0,  H5(t,x)  e  C((0,“)»  L1), 

3xH5(t,x)  e  C((0,®)j  L1)  and 

(1.39)  lG12(t,x)«  <  M,  for  all  t  >  0  , 

1  1 

(1.40)  IH,.  (t, x)  1  <  M(t2  +  t6)  \  for  all  t  >  0  , 

J, 

(1.41)  l3xH5(t,x)l  <  M(t2  +  t)”1,  for  all  t  >  0  . 

Proof ♦  First,  we  define 


(1.42) 


and 


H6(t,£)  =  G12(t,C) 


1  t{i/a+bd  S 
— ~  ~  e 
2/a+bd 


a+bd ( c+ 1 )  £2, 
2 ( a+bd )  4  ] 


j  t{-i/a+bd  C 
— ~  "  e 
2/ a+bd 


a+bd(c+1 )  £2  ■, 
2 ( a+bd)  4  1 


(1.43)  H7(t,C)  =  iCH6<t,£>  +  e'at 

Then,  we  can  easily  derive  the  following  estimates: 


(1.44)  lH,(t,5)»  _ 

6  L2 


*35  H6(t'5)l1  2 

li 


for  all 
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_ 

(1.45)  «H7 ( t, C ) I  <  Mt  2,  «|^H7(t,C)l  2  <  Mt  4,  for  all  t  >  1  , 

Xj 

7  3 

(1.46)  !5H,(t,C)l  .  <  Mt  4,  •T7'(CH_(t,C)  )  •  <  Mt  4,  for  all  t  >  1  . 

7  L2  H  7  L2 

With  these  estimates,  we  can  prove  (1.39),  (1.40)  and  (1.41),  for  t  >  1, 
analogously  to  the  proof  of  Lemma  1.6.  Next  the  following  estimates 

(1.47)  lG12(t,5)l  2  <  M,  2  4  M'  for  a11  0  <  t  <  1  , 

L  L 

_  x 

(1.48)  lH5(t,5)l  <  Mt  2,  l||H5(t,C)l  2  <  M,  for  all  0  <  t  <  1  , 

Ii 

3  _  2 

(1.49)  l5H5(t,C)«  2  <  Mt  4,  lj|(CHs(t,5) )l  2  <  Mt  4,  for  all  0  <  t  <  1  , 

L  L 

will  yield  (1.39),  for  0  <  t  <  1,  and  (1.40),  (1.41),  for  0  <  t  <  1  (with 
larger  M  if  necessary).  The  continuity  in  t  can  be  proved  by  the 
dominated  convergence  theorem  and  G^2<0,x)  =0  in  L1  follows  from  the 
property  of  G(t,€)  as  before. 

We  define 

(1.50)  H  (t,x)  =  3  G  (t,x)  -  —  e”at6(x) 

o  XX  1J  C 

Then  we  have 

Lemma  1.8.  G.j3(t,x)  e  CtCO,")?  L1),  Gj3(0,x)  *  0,  3xG13(t,x)  e  C([0,*)»  L1), 

3  G  (0,x)  =  0,  H  (t,x)  e  C((0,«);  L1 ) ,  3  H„(t,x)  e  C((0,»)f  L1 )  and 

X  1  o  o  X  O 

(1.51)  llG13  (t,x)  I  <  M,  for  all  t  >  0  , 


_  ± 

(1.52)  ,3xG13(t,x)l  4  2 •  for  a11  t  >  0  , 

2 

(1.53)  i  Hg  ( t ,  x )  I  <  M(t6  +  t)"\  for  all  t  >  0  , 

_1  2 

(1.54)  «3  H„ ( t , x ) I  <  m( t2  +  t2)"1,  for  all  t  >  0  . 

X  o 
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Proof .  We  start  by  defining 


a+bd(  c+1 ) 

2 (a+bd)  4  * 


>  “-**51 5  -  "irfSr  '2> 

2 (a+bd)  e 

and 


t{i/a+bd  5  - 

(1.55)  H,(t,«)  -  013(t,5)  -  e 


(1.56)  ii]0(t,!)  ■  ^!i,lt,S)  -  j  . 

We  obtain  the  following  estimates: 


(1.57)  lHg(t,C)l  < 

( 1.58|£h  (t,E)l  *  «t 
IT 

d.59)  itkT0 ( t,5 ) •  -i  Mt 

(1.60)  l?H1fl(t,e)l 


p.  1  J. 

2,  »|^  Hg(t,S>»  2  <  Mt4/ 

Ii 

3 

4,  »|^(CHg(t,5))»  2  <  Mt 
It 

3  _  3 

*  *?£  H,0(t'5)l  2  4  Mt 
L 

7 

-  7  a  A 

<  Mt  ,  l^(£H10(t,C))l  2 


for  all  t  >  1  / 

4,  for  all  t  >  1 

,  for  all  t  >  1 
_  5 

<  Mt  4,  for  all 


Combining  these  inequalities  with  (1.8),  (1.9),  we  obtain  (1.51)  to 
for  t  >  1.  To  consider  the  case  t  5  1,  we  list; 

a 

(1.61)  lG13(t,S)»  <  M,  I^G13(t,5)l  2  <  M,  for  all  0  <  t  <  1  , 


(1.62) KG13(t,C)l  2  <  M,  I 

L 

_  2 

(1.63)  lH8(t,C)l  <  Mt  2, 

(1.64)  KH0<t,S)«  ,  <  Mt 

o  2 


3  A 

( CG ^(tf  C)  )  I  2  ^  Wf 

*1?  V*'5**  2  <  M, 

L 

3 

4»  ,H(5H8<t'£),l  2 


for  all 


for  all 

_  j 
<  Mt  4, 


0  <  t  <  1 


0  <  t  <  1  , 


for  all  0  < 
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t  >  1 

1.54), 


t  <  1 


From  these  inequalities,  we  derive  (1.51),  (1.52),  for  0  <  t  <  1,  and 


(1.53),  (1.54),  for  0  <  t  <  1.  The  remaining  assertions  can  be  verified  by 
the  same  method  as  in  the  proof  of  previous  lemmas. 

We  define 

(1.65)  H1t(t,x)  -  3xxG22(t,X>  ”  ae~at5<x>  * 
and  state 

Lemma  1.9.  G22(t,x)  e  C((0,-)j  L1),  3xG22(t'x)  e  I*1)  * 

H11 (t,x)  e  C((0,«);  L1)  and 

(1.66)  lG22(t,x)l  <  M,  for  all  t  >  0  , 

_  .1 

(1.67)  ,3xG22(t'X>l  <  Mt  2'  f°r  a11  t  >  °  ' 

(1.68)  lH11(t,x)l  <  Mt”1,  for  all  t  >  0  . 

Moreover,  for  each  f  e  L1 (R) ,  G22(t,x)*f (x)  ♦  f(x)  in  L1  as  t  ♦  0+. 
Proof.  To  consider  the  case  t  >  1 ,  we  define 


(1.69) 


H12<t,£)  -  G22(t,t) 


1  t{i/a+bd  £ 


a»bd(c+1)  2, 

2(a+bd)  4  ’ 


1_ 

2 


t{-i/a+bd  £ 
e 


a+bd(c+1 ) 

2 ( a+bd )  4  ’ 


and 

(1.70) 

Then,  we  have 


H13(t,C)  -  -C2H12(t,C)  -  ae”at  . 


2 

(1.71)  lH12(t,£)i  <  Mt"1,  l|^H12(t,C)«  2  <  Mt4,  for  all  t  >  1  , 

L 

_  5  _  ± 

(1.72)  KH12(t,£>«  2  <  Mt  4,  «||(£H12(t,£))l  2  <  Mt  4,  for  all  t  >  1  , 

L  Xj 


(1.73)  lH13(t,£)l  <  Mt”2,  «|^H13(t,£)l  2  <  Mt  4,  for  all  t  >  1  . 

L 
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Combining  these  inequalities  with  (1.8),  (1.9),  (1.30),  we  derive  (1.6o), 
(1.67),  (1.68)  for  t  >  1.  For  the  case  t  <  1,  we  define 


(1.74) 
and 

(1.75) 


Then  the  following  estimates 

(1.76)  «H14(t,5)l  <  M,  H14(t/5)*  2  <  M,  for  all  0  <  t  <  1  , 


(1.77)  I5fi14(t,5)l  2  <  M,  *gf(5H14(t,5))I  <  M,  for  all  0  <  t  <  1  , 

L  L 

2 

a  "*  T  ^ 

(1.78)  lH15(t,C)l  <  Mt  ,  'jjf  H15(t,5)l  2  <  M,  for  all  0  <  t  <  1  , 

L 

are  combined  with  (1.8),  (1.9),  (1.30)  to  yield  (1.66),  (1.67),  (1.68)  for 
0  <  t  <  1.  In  particular,  H14<t,x)  +0  in  L*(R)  as  t  ♦  0,  from  which 
the  last  assertion  of  the  lemma  follows. 

Lemma  1.10.  G23(t,x)  e  C([0,*»),  L1),  G2;J(0,x)  *  0, 

3xG23(t,x)  e  C((0'“)J  l1)'  3xxG23(t'x)  e  C((0'“)>  l1)' 

3xxxG23(t,X>  e  and 

(1.79)  lG23(t,x)l  <  M,  for  all  t  >  0  , 

_  ± 

(1.80)  ,axG23(t'x)l  <  M(1+t)  2 '  for  all  t  >  0  , 

± 

(1.81)  ,3xxG23(t'X>11  <  M(t2  +  t)_1'  for  a11  t  >  0  * 

3 

(1.82)  ,3xxxG23(t'X)l1  <  M(fc2  +  t)_1*  for  a11  t  >  0  • 


Proof.  We  define 


A  .  t{i/a+bd  C  -  £2} 

(1.83)  H  (t,S)  =  G  (t,U - - -  e  2(a  bd) 

16  23  2/^bd 

t  b  ‘2>  t  u  t>1 

+  — - -  e  ,  for  all  t  >  1  , 

2/a+bd 


(1.84) 


H._ (t,£)  *  -i£3H  (t,S)  +  —  e  at,  for  t  >  1  , 

I  /  IO  C 


2  2 

(1.85)  H1g(t,5)  *  i^G23  ”  7-c  e  +  e  tC^  •  for  0  <  t  <  1  , 


(1.86)  Hig(t,5)  =  -t2H18(t,5)  +  ~  e“at,  for  0  <  t  <  1  . 

Then,  proceeding  as  in  previous  lemmas,  we  can  derive  (1.79)  to  (1.82)  from 


the  following  inequalities: 


^  /V  jm 

(1.87)  lfi16(t,S)l  <  Mt  ,  H16(t,C)»  2  <  Mt,  for  all  t  >  1  , 

L 

- 1  _  i 

(1.88)  ICH16(t,C)l  <  Mt  2,  l|^(CH16(t,C))l  2  *  Mt  4,  for  all  t  >  1  , 

L 

_  7  _  3 

(1.89)  K2HA6(t,£)l  2  <  Mt  4,  l||(C2Ht6(t,5))l  2  *  4*  for  all  t  >  1  , 

L  L 

_  5  _  5 

(1.90)  lH17(t,£)l  <  Mt  2,  l|^H17(t,C)l  2  <  Mt  4,  for  all  t  >  1  , 

Ii 

(1.91)  lG23(t,£)l  2  <  M,  l|^  G23(t,5)l  2  <  M,  for  all  0  <  t  <  1  , 

1*  I* 


(1.92)  lHt8(t,5)l  <  M,  H1Q(t#5)l  2  <  Mr  for  all  0  «  t  <  1  , 

L 

(1.93)  ICH18(t,5)l  2  <  M,  l|^(5H18(t,5))l  2  <  M,  for  all  0  <  t  <  1  , 

L  L 

_  1 

(1.94)  lHlg(t,C)l  <  Mt  2,  «||  H19(t,t)l  2  <  M,  for  all  0  <  t  <  1  . 

L 
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u  •  .-awe..-.  -— * 


Lemma  1.11.  (^)BG33<t,x)  e  C((0,");  L1),  m  *  0, 1,2,3,  and 


3  m  2 

(1.95)  l(-j^)  G33(t*xO  *  Mt  *  for  all  t  >  0,  m  *  0, 1,2,3  , 


0-96)  ^xxG33(t,x)dx  =  3vxxG^(t,x)dx  =  0,  for  all  t  >  0 


xxx  33 


Moreover,  for  each  f  e  L^R),  G3^(t,x)*f (x)  ♦  f(x)  in  L1  as  t  ♦  0+,  and 

if  0  <  X  <  2  it  holds  that  |x|*3  G  (t,x),  |x(^3  G  (t,x)  e  C(( 0,®);  L1 )  with 

4  XX  ^ J  XXX  33 


(1.97) 


-1+  - 

I  |xl^3xxG33 (t,x)l  <  M(t  2  +  t  1+S 


(1.98) 


for  all  t  >  0. 


_  1  +  A  _  2  +x 

1  |x|\xxG33(t'X)‘  <  2  2  +  t  2  ) 


Proof.  We  define 

.  tu/iss « -  (2) 

<’■”>  »2ou'51  ■  g33“'5>  -  5TSS37  e 

ba  *«-*'=  *  -  a-ir!Sr  <2> 

2 ( a+bd )  e 


(1.100) 


H21(t,C>  -  G33(t,5)  -  e~tC^ 


Then,  we  obtain  the  estimates: 

_  1  2 

(1.101)  lH2Q(t,5)»  <  Mt  2,  H2Q(t,Oi  2  <  Mt4,  for  all  t  >  1  , 

L 

(1.102)  l5H2Q(t,^)l  <  Mt’1,  '|f(^H20(t,C))«  2  <  Mt  4,  for  all  t  >  1  , 

L# 


(1.103)  lC2H2fl(t,5)l  <  Mt  2,  l|^(t2H20(t,t))l  <  Mt  4,  for  all  t  >  1  , 

Ii 
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0.104)  K3H20(t,e)l  2  <  Mt  4,  «|^(53H20(t,5))l  2  <  Mt  4,  for  all  t  >  1  , 

L  L 


(1.105)  lH21(t,C)«  <  M,  l||  H21(t,5)l  2  <  M,  for  all  0  <  t  <  1  , 

L 

_  3  _  ± 

(1.106)  ieG33(t,C)l  <  Mt  4,  l|^(CG33(t,5))l  2  <  Mt  4,  for  all  0  <  t  <  1  , 

L  L 

.  2  -  2 

(1.107)  K2G33(t,e)l  <  Mt  2 ,  l|^(C2G33(t,?))l  2  <  Mt  4,  for  all  0  <  t  <  1  , 

L 

-  2  -  1 

(1.108)  «C3G33(tf5)l  2  <  Mt  4,  l|^(C3G33(t,5))l  2  <  Mt  4,  for  all  0  <  t  <  1  . 


Using  these  inequalities  and  (1.8),  (1.9)  with  suitable  T  >  0,  we  arrive  at 


(1.95).  Combining  (1.8),  (1.9)  with 


(1.109)  I  |x|*3  -1  ■  e 

XX/^ 


(1.110)  I  |x|X3  — —  e 

XXX  /TTt 


(x+gt)  _1+  A 

4rt  I  <  MgrX(t  2  +  t"1+X),  for  all  t  >  0  , 

(x+8t)2  3  A  3  . 

"  2*2  "*  2  ^ 

I  <  MgrA(t  +  t  ),  for  all  t  >  0  , 


where  r>0,  0  <  A  <  1,  and  M^rX  depend  only  on  8,  r.  A,  we  get 

(1.97)  and  (1.98).  The  continuity  in  t  can  be  verified  in  the  same  way  as 
before  and  (1.96)  is  an  immediate  consequence  of  the  first  statement  of  the 
lemma. 

With  the  aid  of  Lemmas  1.6  to  1.11,  we  can  discuss  the  properties  of 
solutions  to  (1.1),  (0.7).  First  of  all,  we  need  to  observe: 

Lemma  1.12.  If  ^uo'vo'®o*  6  then  there  is  a  solution  to  (1.1), 


(0.7)  in  the  form 
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(1.111) 


G(t,x)* 


/VX) 

v0(x) 

WX>, 


which  is  the  unique  solution  within  the  function  class  of  [C{[0,T];  L1))3 
for  any  T  >  0. 

Proof .  On  account  of  the  properties  of  G(t,x)  stated  in  Lemmas  1.6  to  1.11, 
the  right-hand  side  of  (1.111)  belongs  to  [C([0,®)»  L1)]3  and  satisfies 
(0.7).  By  taking  the  Fourier  transform  of  (1.111),  it  is  easily  seen  that 
(1.111)  is  a  solution  to  (1.1)  in  the  sense  of  distribution.  The  uniqueness 
can  be  verified  by  the  standard  argument  which  proceeds  as  follows:  suppose 
<U(t,x),  V(t,x) ,  0(t,x))  e  [C( [0,T] i  L1)]3  is  a  solution  of  (1.1)  with  the 
zero  initial  condition.  Since  the  Fourier  transformation  is  a  continuous 
mapping  from  L^ (R)  to  C0(R),  (U(t,?),  V(t,£),  §(t,£))  e  [C([0,T]j  CQ ) ] 3  and 
satisfies  (1.2)  in  P*((0,T)  x  R) .  Hence, for  each  e  >  0  and  each  C  e  R, 
it  holds  that 


U(t,S) 

.  /■"  rT  * 

(1.112)  -/  }  V(t,5 ) 

o 


\ 


.0(t,5)/ 


/  u't. 


5) 


3  4>(t)p  (C-C)dtd5  =  I”  /T  A(C) 
t  e  -»  0 


v(t,C)  I  <Mt)P(5-5)dtd£ 
e 


V* 

\  Q(t,C) 


for  all  ♦  e  C_ ( (0 ,T) ) ,  from  which  it  follows  that,  by  passing  to  the  limit. 


(1.113) 


'A 

U(t,c)> 


A(C)  V(t,c) 


9(t,C)/ 
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holds  for  each  fixed  C  e  R  in  P*((0,T)),  hence  in  the  classical  sense. 
Therefore,  U(t,C)  =  V(t,5)  =  0(t,C)  5  0  for  all  t  e  [0,T]  and  ;  e  R. 

Now  we  state  the  regularity  and  the  asymptotic  behavior  of  solutions  to 
(1.1),  (0.7): 

Theorem  1.13.  Let  *uo'vo'®o*  e  ^  n  BV^ 3  and  * v<t,x) ,  9(t,x))  be 

the  unique  solution  to  (1.1),  (0.7)  in  Lemma  1.12.  Let  iu^l  +  *uox*  +  *vg* 

I v„  I  +  IS  8  +  I0„  I  =  u  >  0,  and  fix  any  integer  m  >  2  and  any  real  number 

0  <  o  <  -j.  Then,  we  have: 

(i)  u(t,x)  *  w(t,x)  +  z(t,x),  where  w(t,x)  e  ([0,<1#)i  L1), 

w( 0 , x)  =  Ug(x),  3xw(t,x)  e  C( [0 ,*) ;  M),  3fcw(t,x)  e  C((0,“)j  L1), 

3t8xw(t,x)  e  c((0,®):  M),  z(t,x)  e  C([0,“);  L1),  z(0,x)  =  0, 

3xz(t,x)  e  C(  [0 ,“) ;  L1),  S^zttjX)  e  C((0,*)»  M)  and 

1-m 

(1.114)  lw(t,x)l  <  um( 1+t)  2  ,  for  all  t  >  0  , 

m 

(1.115)  I3xw(t,x)8  <  iim(  1+t )  2,  for  all  t  >  0  , 

m 

(1.116)  I3tw(t,x)l  <  PM( 1+t)  2,  for  all  t  >  0  , 

JL  5  m 

(1.117)  I3t3xw(t,x)l  <  UM(t  2  +  t  2)(1+t)  2,  for  all  t  >  0  , 

(1.118)  lz(t,x)l  <  RM,  for  all  t  >  0  , 

_  2 

(1.119)  13  z(t,x)l  <  yM< 1+t)  2 ,  for  all  t  >  0  , 

_  -1  — 

(1.120)  13  z(t,x)l  <  pMt  2(1+t)  2,  for  all  t  >  0 

xx 
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(ii)  v(t,x)  e  c([0,-)i  L1),  v(0,x)  ■  vQ(x),  3xv(t,x)  e  C((0,“);  L1), 
3tv(t,x)  e  C(  (0,m) ;  9  v(t,x)  e  CK0'0*)*  M)  and 

(1.121)  lv(t,x)l  <  uM,  for  all  t  >  0  , 

_  2 

(1.122)  I3xv(t,x)l  <  um( 1+t)  2,  for  all  t  >  0  , 

_  1  a 

(1.123)  I3xxv(t,x)l  <  MMt  2(1+t)  2,  for  all  t  >  0  , 

_  J_ 

(1.124)  I3tv(t,x)l  <  MMt  2 ,  for  all  t  >  0 

(ill)  3tu(t,x)  -  3xv(t,x)  in  P*((0,«)  x  R) 

(iv)  6( t,x)  e  c([0,-)»  L1),  0(0, X)  =  0Q(x),  3x0(t,x)  e  c((0,-)j  l1)  , 

3t0(t,x)  e  C((0,-),  L1),  3xx9<t,x)  e  C(<0,») ,  A^'“)  and 

(1.125)  I0(t,x)l  <  mm,  for  all  t  >  0  , 

-  1 

(1.126)  I3x@(t,x)l  <  MM( 1+t)  2 ,  for  all  t  >  0  , 

2  a 

(1.127)  I3jcx0(t,x)l  <  MMt  2 ( 1+t)  2,  for  all  t  >  0  , 

_  ± 

(1.128)  I3t0(t,x)l  <  MMt  2,  for  all  t  >  0  , 

-1-g  _  a 

(1.129)  i I l3xx®(t,x) | | |a  4  MMt  2  (1+t)  2,  for  all  t  >  0  , 

_  i  a 

(1.130)  I3fc0(t,x)  -  d3xv(t,x)l  <  MMt  2(1+t)  2,  for  all  t  >  0 

All  the  above  M's  are  constants  independent  of  M  and  t. 

Proof.  By  defining 
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w(t, x)  -  e  atuQ(x) , 

z(t,x)  *  H1 (t,x)*uQ(x)  +  G12(t,x)*v0(x)  +  G13(t, x)*0Q(x)  , 

we  can  easily  verify  the  properties  (i)  with  the  aid  of  Lemmas  1.6  to  1.8. 
Also,  by  virture  of  (1.1),  (1.111)  and  Lemmas  1.7  to  1.11,  it  is  easy  to 


(1.132)  la^ett.x)!  <  UM(t2  +  t)"1,  for  all  t  >  0  . 

Now  the  proof  is  completed  by  combining  (1.131),  (1.132)  with  the  following 
lemma. 

Lemma  1.14.  Suppose  f(t,x)  e  C((0,°°);  L1  n  BV)  satisfying 

i  2 

lf(t,x)l  <  (t2  +  t)  1  and  I3xf(t,x)l  <  (t  +  t2)  for  all  t  >  0  . 

Then,  f(t,x)  e  C( ( 0 ,") ;  A^'  )  and 


(1.133) 


_  _i 

|  I  |f(t,x) I  I Ie  <  Mt  2(t2  +  tf 

-1-8  _  6 
<  Mt  2  (1+t)  2 


holds  for  all  t  >  0,  where  0  <  8  <  1  and  the  constants  M  are  independent 
of  t. 

Proof .  Me  need  the  following  fact:  for  each  $  e  L1  n  BV, 

-~l$(x+h)  -  *(X)I  <  |h|1_Bl3  4»l 

|h|P 
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1  ® 

holds  for  any  h  j  0.  Indeed,  if  $  e  L  n  BV,  there  is  a  sequent  r *i  }_  ^ 

such  that  $  e  C  ,  ♦  +  $  in  L  and  1 3  $  I  <  13  $1,  for  all  r  >1, 
n  n  x  n  x 

from  which  it  follows  that 


t<Mx+h)  -  ♦(x)l 


lim  1$  (x+h) 
n+*°  n 


4>  (x)l  =  l/*  3  $  (X+C)d;l 
n  '0  x  n 


<  lim  | h |  13  *  I 

-  x  n 

n+« 


<  | h |  13  *1  . 

x 


Now,  if  0  <  | h |  <  /t. 


(1.134) 


If (t,x+h) 


Ih|' 


1-6 

f(t,x)l  <  |h| 1"0l3xf(t,x)l  <  t  2  I3xf(t,x)l 


1-6 

<  t  2  (t  + 


t 


and  if  0  <  /t  <  |h| , 


_  6  _  i  JL 

(1.135)  If  (t, x+h)  -  f  ( t , x )  I  <  2t  2  If  ( t, x)  I  <  2t  2(t2  +  t)_1  . 

Ih|0 

Considering  the  case  0  <  t  <  1  and  the  case  1  4  t,  separately,  (1.133)  is 
easily  obtained  from  (1.134),  (1.135).  Next,  we  observe  that  (1.134),  (1.135) 
also  imply  that 

(1.136)  II U(x)| | l6  <  I3x*l  +  21*1 
holds  for  all  $  e  L1  n  BV,  from  which  we  deduce  that 
f  ( t,  x )  e  C(  (0  ,*•) ;  Ag'“). 

Remark:  1.15.  In  fact,  some  of  the  estimates  stated  in  Theorem  1.13  are  not 
sharp  (e.g.,  compare  (1.127)  and  (1.132)).  They  are,  however,  in  such  weak 
form  as  to  be  applied  directly  to  the  nonlinear  problem. 
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2.  Nonlinear  Problem 

In  this  section  we  will  establish  our  main  result: 

Theorem  2.1.  Assume  (0.9)  and  (0.10).  Then,  there  exists  a  positive  number 

5  such  that  if  (un(x) ,v. (x) (x) )  e  (L1  n  BV)3  and  lu„ I  +  13  u„l  +  Iv  I 
0  0  0  0  x  0  0 

+  *^xvq*  +  +  ■ ^x®o *  *  there  is  a  global  solution  (u(t,x),  v(t,x), 

0(t,x))  to  (0.6),  (0.7),  satisfying  the  properties  (i)  to  (iv)  (with 
different  constants  if  necessary)  stated  in  Theorem  1.13. 

The  proof  of  this  theorem  will  be  split  into  three  steps.  First,  we 
construct  a  suitable  function  space  x  with  the  properties  which  were  fc^nd 
for  the  linear  problem.  Second,  we  define  a  mapping  T  from  x  into  itself 
so  that  the  fixed  point  of  T  may  be  a  solution  of  (0.11).  Finally,  we  prove 
that  the  mapping  T  is  a  contraction  and  that  the  solution  to  (0.11),  (0.7) 
is  also  the  solution  to  (0.6),  (0.7). 

(Step  I).  We  construct  x  as  follows:  Let  X  be  the  set  of  all  quadruplet 
(w(t,x),  z(t,x),  v( t, x ) ,  6 ( t, x) )  satisfying  the  properties  (A)  to  (E): 

(a)  w ( t , x )  e  c([o,-);  l1),  w(o,x)  =  u0(x),  axw(t,x)  e  c([o,»),-  M), 

3fcw(t,x)  e  C((0,«);  L1),  3t3xw(t,x)  e  c((0,“)f  M)  with 

1-m 

(2.1)  lw(t,x)»  <  K( 1+t )  2  ,  for  all  t  >  0  , 

m 

(2.2)  I3xw(t,x)l  <  K(1+t)  2,  for  all  t  >  0  , 

m 

(2.3)  ld^w(t,x)l  <  K( 1+t )  2,  for  all  t  >  0  , 

_  _1_  _  a  m 

(2.4)  I3t3xw(t,x)l  <  K(t  2  +  t  2)(1+t)  2,  for  all  t  >  0  , 
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where  m,  a  are  the  numbers  fixed  in  Theorem  1.13,  K  is  a  constant 
independent  of  t  and  will  be  determined  after  we  can  collect  all  the 
conditions  on  K. 

(B)  z(t,x)  e  C( [0 ,“) ;  L1),  z(0,x)  *  0,  3xz(t,x)  e  C([0,“);  L1) 

e  C((0,»)j  M)  With 

(2.5)  lz(t,x)l  <  K,  for  all  t  >  0  , 

_  2 

(2.6)  I3xz(t,x)l  <  K( 1+t )  2,  for  all  t  >  0  , 

_  1  £ 

(2.7)  I3xxz(t,x)l  <  Kt  2(1+t)  2,  for  all  t  >  0  , 

(C)  3fcw(t,x)  +  3tz(t,x)  «  3xv(t,x)  in  D*((0,“)  *  R) 

(D)  v ( t , x )  e  C( (0,-)»  L1),  v(0,x)  *  Vq ( x ) ,  3xv(t,x)  e  C((0,*»);  L1), 
3tv(t,x)  e  C( (0  ,•) j  M),  3xxv(t,x)  e  C((0,“);  M)  with 

(2.8)  lv(t,x) I  <  K,  for  all  t  >  0  , 

_  2 

(2.9)  I3xv(t,x)l  <  K( 1+t)  2 ,  for  all  t  >  0  , 

2  — 

(2.10)  ,5xxV<t'x)l  *  Kt  2(1+t)  2 *  for  all  t  >  0  , 

_  2 

(2.11)  I3tv(t,x)l  <  Kt  2,  for  all  t  >  0 

(E)  8(t,x)  e  C( (0 ,*) ;  L1),  0(0, x)  =  0Q(x),  3x0(t,x)  e  C((0,-);  L1 ) , 
3fc0(t,x)  e  C((0,«)j  L1),  3xx0(t»x>  e  C((0,«)|  A^'")  with 

(2.12)  I0(t,x)l  <  K,  for  all  t  >  0  , 

_  2 

(2.13)  I3x8(t,x)l  <  K(  1+t )  2,  for  all  t  >  0  , 

2  a 

(2.14)  ,axxe(t'X)l  *  Kt  2(1+t)  2 •  for  all  t  >  0  * 
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— 1— a  a 

(2.15)  | I l3xxa<t/x)l I la  <  Kt  2  (1+t)  2,  for  all  t>0  , 

_  _1 

(2.16)  I3t0(t,x)l  <  Kt  2,  for  all  t  >  0  , 

_  1  _  ® 

(2.17)  I3^0(t,x)  -  d3^v(t,x)l  <  Kt  2(1+t)  2,  for  all  t  >  0 

Since  the  solution  to  (1.1),  (0.7)  satisfies  the  properties  (A)  to  (E)  if 
MM  <  K  (see  Theorem  1.13),  the  set  X  is  not  empty.  Now  X  shall  be 
endowed  with  the  metric  d(*,«)  :  for  (w,z,v,0),  (w,z,v,0)  e  x»  we  define 


(2.18)  d((w,z,v,0),  (w,z,v,0))  -  sup  (1+t) 

t>0 

m 

+  sup  (1+t)2l3  w(t,x)  -  3  w(t,x)l  +  sup 
t>0  X  X  t>0 


m-1 

2  lw(t,x)  -  w(t,x)l 
m 

(1+t)2l3tw(t,x)  -  3^w(t,x) I 


1  ® 

+  sup  t2(1+t)2l3  3  w(t,x)  -  3  3  w(t,x)l 
0<t<1 

a  m 

+  sup  t2(  1+t)2l3t3xw(t,x)  -  3^_3xw(t,x)l 


+  sup  >z(t,x)  -  z(t,x)1  +  sup  (1+t)  13  z(t,x)  -  3  z(t,x)l 
t>0  t>0  X 


2 

+  sup  ( 1+t ) 2 • 3  z(t,x)  -  3  z(t,x)l 
t>0 

1  — 

+  sup  t2(1+t)2l3  z(t,x)  -  3  z(t,x)l  +  sup  lv(t,x)  -  v(t,x)l 

t>o  xx  xx  t>0 


sup 

t>0 


1  - 

2,. ..,2, 


+  sup  (1+t)  13  v(t,x)  -  3  v(t,x)l  +  sup  t  (1+t)  <3  v(t,x)  -  3  v(t,x)l 


t>0 


XX 


XX 


+  sup  t2l3  v(t,x)  -  3  v(t,x) I  +  sup  I0(t,x)  -  0(t,x)l 


sup 

t>0 


t>0 
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1 


1 


1  a 


+  sup  (1+t)2S3  0(t,x)  -  3  0(t,x)l  +  sup  t2(1+t)2H3  0(t,x)  -  3  9(t,x)l 

t>0  X  X  t>0 


1 


1+a  a 


+  sup  t2l3  9(t,x)  -  3  9(t,x) I  +  sup  t  2  ( 1+t)2 |  |  | 3  6(t,x)  -  3  0(t,x)|||o 

t>0  t>0 


1  “ 

+  sup  t2(1+t)2l3  0(t,x)  -  d3  v(t,x) 
t>0  X 


3  0(t,x)  +  d3xv(t,x)l 


It  is  not  difficult  to  see  that  X  becomes  a  complete  metric  space  with  the 
metric  d(»,*).  The  proof  of  this  fact  is  left  to  the  reader. 

Before  proceeding  to  Step  (II),  we  shall  make  some  preliminary  remarks. 
We  recall  that  p(u,8)  and  — ~ — ST  are  analytic  functions  of  u,  0  in  a 

\U/0  J 

neighborhood  of  (0,0).  So  the  first  condition  we  should  impose  on  K  is 

(2.19)  K  <  min(-  v,  1)  , 

where  v  is  a  positive  number  such  that  p(u,8),  - .  — can  be  expanded  as 

e0  '  ® ' 

Taylor  series  in  u,  0  if  |u|  <  2V,  |0|  <  2V.  Hence,  recalling  that 
~PU(0»0)  =  a,  we  see  that 

00 

(2.20)  p  (w+z,  0)  +  a  =  l  a  wqzr0S 

lVr+s  qrS 

is  valid  if  |w|,  |z|,  |0|  <  2K.  Next  we  observe  that  if  (w,z,v,0)  e  X,  it 
follows  that  z,  6  e  C((0,*)»  CQ).  Hence,  for  nonnegative  integers  q,  r,  s, 
<wq+1)xzr0s  is  well-defined  and  belongs  to  C((0,*)»  M).  Now  we  define  for 
given  (w,z,v,0)  e  X, 

(2.21)  S  ( t,x)  =  l  (wq+1)  zr9S 

n  1<q+r+s  q+1 

and 

(2.22)  o(t,x)  =  p(w+z,  0)  -  p  (w+z,  0)z  -  pfl(w+z,  0)8  +  aw 

X  U  X  u  XX 

Then  we  have 
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Lemma  2.2 


S  (t,x),  o(t,x)  e  C( ( 0 ,“) ;  M)  and  S  (t,x)  ♦  o(t,x)  in  M 
n  n 

uniformly  in  t  as  n  ♦  *.  In  addition,  it  holds  that 


-1-m 

<J(t,x)l  <  MK2(1+t)  2  ,  for  all  t  >  0  , 


(2.23) 

where  M  is  independent  of  K  and  t. 


Proof ♦  Let  us  set  w£  =  w*P£,  z£  =  z*P£,  0£  =  0*P£  and  define 


s  (t  X)  =  T  .  oH.  r0s 

,<„l«  *♦>  e  ’*  *  *  ' 


c  (t  x)  =  r  (w<3+1)  2res 

s  (t,x}  A  q+i  we  ,xze  e 

1<q+r+s  H 


Then  using  (2.20),  (2.22)  and  the  properties  of  Xr  it  is  obvious  that 
Se(t,x)  e  C( (0,“) ;  M)  for  each  £  >  0  and  that 


S£(t,x) 


“  p(we+ze'  0e)x  "  pu(we+ze' 
=  {pu(we+ze'  V  +  a}3xwe 


6  )  3  z 

e  x  e 


P8(w 


e+V 


0)3  6  + 

e  x  £ 


a3  w 
x  £ 


holds.  Moreover,  we  can  easily  see  that  for  each  fixed  t  >  0, 


p(we  +  ze'  9e,x  +  P(w+Z'  6)x 

in  V * 

(R) 

# 

pu(we  +  z£ '  0£)3xz£  +  pu(w+z' 

0)3  z 

X 

in 

V* (R)  , 

p0(we  +  ze'  We  *  p6(w+z' 

0)3  0 

X 

in 

V*(R)  , 

when  £  +  0.  Therefore,  for  each  fixed 

t  >  0, 

Se(t 

,x)  ♦  0(t,x)  in  V* (R) . 

Combining  this  with  the  estimate 


-1-m 

(2.24)  lse(t,x)l  <  MX2(1+t)  2  ,  for  all  £  >  0,  t  >  0  , 

where  the  constant  M  is  independent  of  K  and  t,  we  conclude  that  for 
each  fixed  t  >  0,  0(t,x)  e  M  and  S£(t,x)  +  0(t,x)  in  the  weak  *  topology 
of  M,  from  which  (2.23)  follows.  On  the  other  hand,  it  is  easy  to  see  that 
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for  each  fixed  t  >  0  and  n,  S  0(t,x)  ♦  S  (t,x)  in  the  weak  *  topology 

n,e  n 

of  M  as  £  ♦  0.  Hence  it  holds  that 

(2.25)  |  <  a (t,x)  -  S  <t,x),  g(x)  >  |  <  lim  |  <  S_(t,x)  -  S  „(t,x),  g(x)  >  | 

n  e  n»e 


<  *g«  „  I 

L  n+1*q+r+s 


qrs 


(Kq+r+s+1(1+t) 


^(q+1  )-  j(r+s) 


for  all  g  e  CQ(R)  and  t  >  0,  where  <*,*>  denotes  the  duality  pairing 
between  Cg  and  M.  Now  the  remaining  assertion  of  the  lemma  follows  from 
(2.25). 

(Step  II).  We  shall  construct  a  mapping  T  from  x  into  itself.  For 
(w,z,v,0)  e  X»  (w,z,v,0)  =*  T(w,z,  v,  0 )  is  defined  by 


(2.26) 


w( t/X)  “  e  atuQ(x)  -  /*  G12(t-T,x)*0(T,x)dT 

2 

t 

+  /q  e  T^{p(w+z,0)  +  aw  +  az  +  b0}(T,x)dT  , 


where  o(T,x)  is  given  by  (2.22), 

(2.27)  z(t,x)  =  H1 (t,x)*uQ(x)  +  G12(t,x)*vQ(x)  +  G13(t,x)*0o(x) 


-  G12(t-T,x)*[{pu(w+z,0)  +  aJS^z  +  {pg(w+z,0)  +  bJS^O] ( T,x)dT 

2 

t 

~/g  H5(t-T,x)*{p(w+z,9)  +  aw  +  az  +  b0}(T,x)dT 
Pg (w+z, 9 ) 

-/;  G„lt-T,.).U^rl7  (5*9)  *  a)9„v)(T.x)dt 

*  /;  Si,t-i->|,(v^5T  (9xv>2)(’.»xi* 
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-  /g  G22(t-T,x)*3x{p(w+z,9)  +  aw  +  az  +  b0}(T,x)dT 

pfl(w+z,9) 

-  It  -  1)  (5*9)  ♦  d)»xvl(T,,M, 

w 

*  It  (3xV)2)(T.x)dT 

*  It  -  ■=)»„»)<’.«>«  • 

(2.29)  0(t,x)  «  G31(t,x)*uQ(x)  +  G32(t,x)*vQ(x)  +  G33(t,x)*0Q(x) 


-  G32(t~T,x)*3x(p(w+z,9)  +  aw  +  az  +  b0}(T,x)dT 

p0<w+z,O> 

-  It  8i]'w-|,ii;,-iA7i  (5*9’  *  «>»,''J<t,x>« 

*  =33(t-,'x,*le9(wlx,9‘)  *  9xv  ^  ^  T ' x  ^ 91 

»  It  °33lt-,-XlM1.e(»!«.~9-)  -  c)Vl(T,x)dt  . 

Since  (w,z,v,9)  e  X»  it  is  easily  seen  that  w,  z,  v  and  0  are  well 
defined  as  distributions  in  ((0,®*)  x  R)  and  satisfy  the  equations: 
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((w+z) 


t 


V 

X 


(2.30)/ 


V 

in  P#((0,®)  *  R)  (see  Appendix). 

Now  we  shall  prove  that  (w,z,v,0)  e  x*  Throughout  the  remainder  of  this 
paper,  the  constants  M  will  be  independent  of  K  and  t. 

Lemma  2.3.  J^(t,x)  ( t-T ,x) +d( T ,x) dT  satisfies  the  properties  (A) 

2 

of  (Step  I),  except  w(0,x)  =  uQ(x),  with  MK  in  place  of  K  in  (2.1)  to 
(2.4)  and  it  holds  that  J^O.x)  =  0. 

proof.  Estimates  for  Ij^t.x)!  and  IS^J^t.x)*  follow  immediately  from 
(2.23)  and  Lemma  1.7.  In  order  to  estimate  O^^tfX)!  and  l\^xJ1  (t,x)  I , 
we  define 

(2.31)  g  ( t , x )  =  fl  G1_(t-T,x)*S  (T,x)dT  , 

n  t  iZ  n 

2 

where  Sn(t,x)  is  given  by  (2.21).  Then  on  account  of  (2.25),  it  is  clear 
that  lgn(t,x)  -  J j (t,x) I  ♦  0  uniformly  on  [0,®)  as  n  +  ®,  from  which  it 
follows  that 

3  g  ( t , x )  ♦  3  J  (t,x)  in  P*((0,®);  L^ (R) )  , 

t  n  t  i 

3  3  g  (t,x)  ♦  3  3  J  (t,x)  in  P*((0,®)  *  R) 

L  A  L  A  I 

Now  the  proof  is  completed  by  the  following  lemma. 

Lemma  2.4.  For  each  n,  3  g  (t,x)  H  C((0,®)j  L1),  3  3  g  (t,x)  e  C((0,“);  M  ) 

— ' ~~~ — —  t  n  t  x  n 

and  it  holds  that 


v.  =  a(w+z)  +  b6  +  v  -  3  {p(w+z,0)  +  aw  +  az  +  b0} 

t  X  X  XX  X  r  ' 


p0(w+z,0)  _  .  2 

0  =  dv  +  c0  -  { — — — t-  (0+0)  +  d}v  +  — — — rr  (v  ) 
t  x  xx  eg (w+z, 0)  x  eg(w+z,tf)  x 


+  { 


eg(w+z,0)  xx 


-36- 


m 


(2.32) 

*  ^t9n  (fc'  X^  *  *  MK2(1+t)  2, 

for  all  t  > 

0  , 

m  1_ 

a 

(2.33) 

13  3  g  (t,x)»  <  MK2(1+t)  2(t  2 

t  x  n 

+  t  2),  for 

all  t  >  0 

where  M 

is  independent  of  K,  n  and  t. 

Furthermore, 

as  n,k  ♦  • 

(2.34) 

,3t9n(t'x)  ”  at9k<t,X)l1  *  ° 

uniformly  on 

[0,») 

and 

(2.35) 

*3t3x9n(t'X)  ~  3t3x9k!t'X)‘  +  ° 

unformly  on 

each 

compact  subset  of  CO,*®) 


Proof.  Since  Sn  is  a  finite  sum,  we  may  estimate  each  term  of  gn(t,x).  By 
integrating  by  parts,  we  see  that 

<2.36)  M  <  t , x }  d=f  3  Jl  G,.<t-T,x)*{{wq+1 )  zr0S}(T,x)dT 
qrs  t  "'t  12  x 

2 


-  -*t  /*  G12<t-T,x)*{wq+1<zr0S)x}(T,x)dT  +  3t  /*  G12(t-T,x)*(wq+1zr6S)x<T,x)dT 


2  Gi2(f ,x)*{wq+1 (zr0S)x}<^,x)  -  /£  3xG22(t-T,x)*{wq+1 (zr0S)x>(T,x)dT 


at 


‘  1  .  .  2  „q*Ves,i  *> 


+ 


n 


-a(t-T)  q+1  r„s 

w  z  0  (T,x)dt  + 


H5<t-T,x)*(wq+1zr0S)T(T,x)dT 

2 


Here  we  have  used  (1.38)  and  the  fact  that  ^tG12^t,X^  =  3  G22*t,X^ 

P*((0,«)  x  R)  which  follows  from  (1.7)  (see  Appendix).  Applying  Lemmas  1.7, 
1.9  and  the  properties  of  x«  we  can  derive  that 


(2.37) 


M  (t,x)  e  C((0,*);  L1 ) 
qrs 

m 

»M  (t,x)B  <  (q+r+S+1 )MKq+r+S+1 ( 1+t)  2,  for  all  t  >  0  , 

qrs 
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where  M  is  a  constant  independent  of  t,  K,  q,  r  and  s.  Therefore,  we 
conclude  that 


n  a 

)a  ( t, x)  *  I  M  ( t , x )  e  C( (0 ,*) ;  L  ) 

fc  n  Kq+r+s  5+1  qrs 


and,  by  recalling  (2.19), 


(2.38) 


13 


tg „(».«)•  «  l  ffifill. 

1  "  Kq-fr-fs  q  q” 


m 

2 


<  MK2(1+t)  2,  for  all  t  >  0  and  n  >  1  , 

where  H  denotes  different  constants  independent  of  K,  t  and  all  the  dummy 
indices.  From  the  estimate 

(2.39)  13  g  (t.x)  -  3  g  (t,x)l  <  I  3±5f±1  I  *  |M  x'**1***'  ( 1+t) 

*  n  fc  k  k+Kq+r+s  51+1  qrs 

for  all  t  >  0  and  n  >  k+1,  we  get  (2.34).  Next,  we  define 


(2.40)  MC  (t,x)  -  3  H  G„(t-T,x)*{(wq+'1)  z^e®}(T,x)dT  , 

qrs  t  t  u  t.  x  t  t 


where  w£  *  w*p£,  z£  *  z*pe'  ®e  *  Then  using  (2.36),  we  have 

(2-41)  3xMqrs(t'x)  -  2  3xG12(fx)*{wf1(^0c)x}(fX) 


“  ^  3xG22(t_T'x)*{(we+1)xUcee)x  +  *T'  (ze9e)xx}(T'x)dT 


+  2  3xG12(2'x)‘(wf1zJ9e)x(l'X> 


at 

,  q+1  r0s.  .  .  2  q+1  ras.  ,t  . 


*  .  11 


38 


MlB 


+  /£  3xH5(t-T,x)*(w^+1z^9®)T(T,x)dT  . 

2 

In  order  to  estimate  the  last  integral,  we  need  to  observe  that  (1.41)  implies 

_  3 

(2.42)  13  H.(t,x)l  <  Mt  for  all  t  >  0  . 

x  5 

Combining  this  with  (2.19),  the  properties  of  X  and  Lemmas  1.7,  1.9,  we 
obtain 

(2.43)  3  ME  ( t, x)  e  C( ( 0 ,*) ;  L1)  , 

x  qrs 

m  _  a 

(2.44)  ,3xMqrs<t*x>11  <  (q+r+s+1)2M  Kq+r+S+1  ( 1+t)  2(t  2  +  t  2),  for  all  t  >  0  , 


(2.45)  13  M  (t  ,x)  -  3  M  (t.,x)l  <  P(t. ,t_ ) (q+r+s+1 ) JM  Kq+r+S,  for  all  t„,t_  >  0, 
x  qrs  1  x  qrs  2  12  12 


where  M  is  a  constant  independent  of  t,  q,  r,  s,  e,  K,  and  pCt.^,^)  is  a 

function  of  independent  of  q,  r,  s,  e,  which  tends  to  zero  as 

t  +  t,  >  0.  comparing  (2.36)  with  its  analog  for  ME  (t,x)  and  using  the 
z  i  qrs 

fact  that  for  each  t  >  0, 


z  ♦  z,  8*0  in 

Cq(R) 

w  ♦  w,  3  z_  ♦  3  z, 
e  x  e  x 

3  8 
x  e 

3twe  >  3fcw,  3fcze 


3t2'  3t9e  +  V  in  l1(R)  ' 


wq  ♦  wq  weak  *  in  L  (R)  for  all  positive  integer  q  , 

3fcw,  3^z,  3^  e  L  (R)  , 

e 

it  is  easily  seen  that  M  (t,x)  converges  to  M„__(trx)  in  P*(R)  for 

qrs  qrs 

each  t  >  0,  which  implies  that  3  ME  (t,x)  converges  to  3  M  (t,x)  in 

x  qrs  3  x  qrs 

V* (R)  for  each  t  >  0.  Combining  this  with  (2.43),  (2.44),  (2.45),  we  derive 

£ 

that  3  M  (t,x)  is  the  weak  *  limit  of  3m  (t,x)  in  M  for  each 
x  qrs  x  qrs 

t  >  0,  and  that 


(2.46)  13  M  (t,x)l  <  (q+r+8+1)2M  Kq+r+s+1 ( 1+t )  2(t  2  +  t  2),  for  all  t  >  0 

x  qrs 
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3U  vS+r+s 


(2.47)  13  M  (t,,x)  -  3  M  (t„,x)«  <  P  ( t  , t_  )  ( q+r+s+ 1 )  M  ,  for  all  >  L 

x  qrs  1  x  qrs  2  12^  12 


qrs 


from  which  it  follows  that 
(2.48) 

Now  it  is  obvious  that 


3  M  (t,x)  e  C((0,«>;  M)  . 
x  qrs 


n  a 

_s 

q+1  x“qrs ' 


(2.49)  3  3  g  (t,x)  «  [  3.M _ (t,x)  e  C((0,");  M)  , 

t  x  n  .  *  _ . 


1<q+r+s 


and  (2.33),  (2.3S)  hold. 


Lemma  2.5.  J2<t,x)  /2  e  T^{p(w+z,9)  +  aw  +  az  +  b0}(T,x)dT  has  the 


same  properties  as  were  stated  in  Lemma  2.3. 

Proof .  Proceeding  as  in  Lemma  2.2,  it  is  easy  to  observe  that 


p(w+z,0)  +  aw  +  az  +  b0  e  C((0,*°);  L  )  , 


(2.50) 


lp(w+z,0)  +  aw  +  az  +  b0l  <  MK2(1+t)  2,  for  all  t  >  0  , 


and 


p(w+z,0)x  +  awx  +  azx  +  b©x  e  C((0,*)f  M)  , 


(2.51) 


2  -1 

lp(w+z,6)  +  aw  +  az  +  b0  I  <  MK  (1+t)  ,  for  all  t  >  0  , 

xxxx 


which  yield  the  result. 

Before  proceeding  to  get  other  estimates,  we  note  the  following  facts 
Lemma  2.6.  Suppose  g(*,*)  8  C^RXR),  g(0,0)  **  0  and  |Dg(*,*)|  is  bounded 


by  the  constant  L.  Let  h^t.x),  h2(t,x)  and  h3(t,x)  belong  to 
1 


C((0,»);  L  n  BV).  Then,  it  holds  that 

(2.52)  3x{g(ht(t,x),  h2 (t,x) )h3 (t,x) }  e  C((0,*)>  M ) 


and 


,3x{g(h1 (t,x),  h2 (t,x) )h3 (t,x)}l  < 


(2.53) 


<  ~  LI3  h  (t,x) 1(13  h  (t,x) I  +  13  h  (t,x)l)  for  all  t  >  0  . 

4  X  j  XI  X  4 
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Proof .  Regularizing  ,  h2,  h-j  with  respect  to  x  and  using  the 
convergence  argument  in  Lemma  2.2,  we  can  obtain  the  result. 

Lemma  2.7.  J3<t,x)  G12 (t-T ,x) * [ (pu(w+z, 9 )  +  ajz^  + 

2 

{p0(w+z,9)  +  (T,x)dT  satisfies  the  properties  (B)  of  (Step  1)  with  MK2 

in  place  of  K  in  (2.5)  to  (2.7). 

Proof .  The  proof  follows  immediately  from  the  properties  of  x  and  Lemmas 
1.7,  2.6. 

t 

Lemma  2.8.  J4<t,x)  /0  H,. ( t-T,x)* [p( w+z, 6 )  +  aw  +  az  +  b0](t,x)dT 

satisfies  the  same  properties  as  were  stated  in  Lemma  2.7. 

Proof.  It  suffices  to  combine  Lemma  1.7  with  (2.50),  (2.51). 


Lemma  2.9.  J,.(t,x) 


-  ,  Pg(w+z, 9) 

=  /0  G13(t-T,x)*[{7-7^ir-5T  <0+0>  +  d}vJ(T,x)dT 


e0(w+z,0) 

satisfies  the  same  properties  as  were  stated  in  Lemma  2.7 


Proof .  Since 


e0C,-) 


is  an  analytic  function  in  a  neighborhood  of  (0,0) 


P0(O,O) 

and - -  .■  9  =  d,  we  can  write 

e0 (0,0 ) 


p0(w+z,9)  _  “ 

(2.54)  — r—* — xt  (9+0)  +  d  =  a  (w+z)  +  a  0  +  £  a  (w+z)q9r 

e0(w+z,9)  10  01  2<£+r  qr 


if  |w|,  | z | ,  |9|  4  K  (recall  the  condition  (2.19)).  Break  J5  into 
J5,1  +  J5,2'  where 

|  p0(w+z,9)  _ 

(2.55)  J-  .(t,x)  =  J  G  (t-T,x)*[{ — — — ST  ( 9+9)  +  d}v  ](T,x)dT  , 

0  13  eg(w+z,oj  x 


P0 (w+z , 0 ) 

(2.561  ■  Jt  (6.61  .  . 

2  6 
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Using  the  property  (C)  of  (Step  I),  we  see  that,  for  each  t  >  0, 


t 

a 


(2.57)  J„  G.,(t-T,x)*{(w+z)v  }(T,x)dt  =  lim  f~  G  (t-T,x)*{(w+z)v  }<r,x)dr 
0  13  X  -ifl  t  lj  x 


lim  J2  G  (t-T,x)*{(w+z)(w+z)T}(T,x)dT 


-  2  G13<f'x,*(w+z)2(2'x)  "  2  G13(t*x)*<,,r+z)2(0'x) 

t 

♦  4  lim  ft  3  G..(t-T,x)*(w+z)2(T,x)dT  . 

2  E  t  1J 


But  3  (3  (t,x)  -  2xG23^t,X^  in  x  an<3  hence*  by  virtue  of 

Lemmas  1.8,  1.10,  we  obtain 

t 

(2.58)  J2  G13(t-T,x)*{(w+z)Vx}(T,x)dT  e  C([0,“)>  L1) 

and,  assuming  lu^l  +  *2xuo®  *  R  (which  will  be  fulfilled  by  (2.200)), 

t 

(2.59)  l/2  G 1 3 ( t-t , x ) * { ( w+z ) v^} ( T , x ) dt I  <  MR2,  for  all  t  >  0  . 

Next  we  have 

t  t 

(2.60)  J2  G,  (t-T,x)*{0v  }(T,x)dT  =  lira  f2  G  (t-T,x)*{^  66  }(T,x)dT 

0  13  x  e+0  £  13  d  T 

t 

+  lira  j2  G  (t-t,x)*{6(v  -  ~  6  )}(T,x)dT  . 

-j.,,  «•  13  x  a  i 


The  L^norm  of  the  first  integral  on  the  right  hand  side  can  be  estimated  by 
integration  by  parts  as  in  the  derivation  of  (2.58),  (2.59),  and  the  L^norm 
of  the  second  integral  can  be  estimated  directly  with  the  aid  of  (2.17);  we 
obtain 
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t 

(2.61)  /2  G13(t-T,x)*{0Vx}(T,x)dT  e  c(t0,»)»  L1) 

and,  assuming  10^1  +  *  K  (which  will  also  be  fulfilled  by  (2.200)), 

t 

(2.62)  l/2  G13(t-T,x)*{0vx}(T,x)dTl  <  MK2,  for  all  t  >  0  . 

Noticing  that 


(2.63)  l  a  (w+z)q0rv  e  C((0,“)r  L1)  , 

2<q+r  qr 

.  _  2 

(2.64)  I  y  a  (v+z)<lQrv  I  <  MK3(1+t)  2,  for  all  t  >  0  , 

2<q+r  qr 


we  derive  that 


t  ^ 

(2.65)  /2  G  (t-T,x)*{  l  a  (w+2)Vv  )(T,x)dt  e  C([0,*)|  t') 

0  13  2<q+r  qr  x 


and,  by  (2.19), 

—  00 

(2.66)  l/2  G  (t-x,x)*{  l  a  (w+z)q0rv  }(T,x)dxl  <  MK2,  for  all  t  >  0  . 

13  2<q+r  qr  X 


Hence,  we  conclude  that 

(2.67)  J,  ,(t,x)  e  C([0,«*)f  L1),  J«.  -  (0,x)  -  0 
and 

(2.68)  lj_  ,(t,x)l  <  MK2,  for  all  t  >  0  . 
Next  we  can  directly  obtain 

(2.69)  J5  2 ( t , x)  e  c((0,«)j  L1),  J52(0»x)  -  0 
and 

(2.70)  IJ.  _(t,x)l  <  MK2,  for  all  t  >  0  , 

•>»* 

from 
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(2.71) 


p0(w+z,6)  _  - 

{ - — - oT  (0+Q)  +  (t,x)  e  C((0,»);  L  )  , 

eg  (w+z,9 )  x 

p0<w+z,e)  _  2-1 

(2.72)  «{ — ; - 5-r  (9+8)  +  d}v  (t,x)l  <  MX  (1+t)  ,  for  all  t  >  0  . 

e0(w+z,0)  x 


Thus,  (2.5)  has  been  proved  with  K  replaced  by  MX*.  In  order  to  estimate 

the  L^-norm  of  3  j  =  3  j  +  3  j  ,  it  suffices  to  replace  G,.,(t-T,x) 

by  3  g._ (t— T,x)  for  both  3  J.  ,  and  3  J,  However,  we  note  that  for 
x  13  x  5,1  x  5,2 

the  case  t  <  1,  13  J  I  can  be  estimated  directly  without  going  through  the 
X  3  f  i 

lengthy  procedure  as  was  done  for  >J  I.  Finally,  we  will  esti 

5/  1 

13  J  I.  By  virtue  of  (2.19)  and  Lemma  2.6,  we  have 
xx  5 


(2.73) 


p0(w+z,0) 

3  r{  -  -  -  (§+0)  +  d}v  ](t,x)  e  C((0,»);  M) 

x  eg  vw+z#o /  x 


ana  1  * 

pe(w+z,0)  2  -  2  ~T~ 

(2.74)  13  [{ — — — s-r  (5+0)  +  d}v  ](t,x)»  <  MX  t  (1+t)  ,  for  all  t  >  0  , 

x  e0(w+z,O)  x 


from  which  it  follows  that 

p0 (w+z , 8 ) 

(2-75>  8xxJS,2tt'xl  "  (5+91  +  d,V 

2  9 


(T,x)dT  e  C( ( 0 ,") ;  L  )  , 


(2.76) 


,2  pQ(w+z,0) 

*  1 0  8»xG13lt-T,X)*[teB'(w.»,9)  |5*6’  * 


(T,x)dT  e  C((0,-)?  L  ) 


2  - 

2  -  2  2 


(2.77)  13^  J.  _(t,x)l,  13  J  ,(t,x)l  <  MX  t  (1+t)  ,  for  all  t  > 

XX  3 1  it  XX  3*1 
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Lemma  2.10.  J,(t,x)  d®f  G._(t-T,x)*{ — —  (3  v)2}(T,x)dx  has 

-  6  0  13  eg(w+z,9)  x 

properties  as  were  stated  in  Lemma  2.7. 

Proof.  Using  the  properties  of  X/  we  see  that 

'  1  2  , 

(3  v)  e  C((0,»);  L  ) 


(2.78) 


eg (w+z , 0 )  x 


_  1  -1-a 

I - _J — _  (3  v)2,  <  MK2fc  2(1+t)  2  ,  for  an  t  >  0 


eA(w+z,0)  x 
V  9 


and,  applying  Lemma  2.6  with  some  modification. 


3  {— rrlr st  <3  v)2}  e  c((o,->,  M) 


(2.79) 


x  eg(w+z,0)  x 


13  — ST  ( 3  v)2} I  <  MK2t_1(1+t)"“,  for  all  t  >  C 

X  00 \W+Z# " )  X 


From  (2.78),  (2.79),  we  can  easily  get  (2.5)  with  K  replaced  by  MK^ 
us  define 

t 

(2.80)  06,,<t.8>  -  /J  G|3(t-t,,).(.6)aV9)  (5x.)2)(,,x)d, 

and 


(2.81)  J,  (t,x)  -  /*  G  (t-x,x)*{ — , JJ  — a.  O  v)2}(T,x)dT 

6,2  t  13  eg(w+z,9)  x 


Then,  using  the  properties  of  G13(t,x),  it  is  easily  seen  that 
(2.82)  3  J,  <t,x) ,  3  J  (t,x)  e  C([0,»);  L1) 

X  O,  I  X  D|4 


and 


1 


(2.83)  13  J,  ,(t,x)»,  13  J,  _(t,x)l  <  MR2 ( 1+t )  2,  for  all  t  >  0 

X  O  ,  1  X  Of/. 


the  same 


.  Let 


Observing  that 
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(2.84) 


<2'85>  3«J6.2,t”‘)  *  <1  1  V'X'.xIdT 


we  can  derive  that 


(2.86)  3  J.  ,(t,x) ,  3  j  ,(t,x)  e  C((0,»);  L1) 

XX  O  f  1  XX  Df  a 


(2.87)  13  J,  «(t,x)l,  13  j  _(t,x)l  <  MK2t  2(t+t)  2,  for  all  t  >  0 

XX  Of  1  XX  b|4 


Lemma  2.11.  J_(t,x)  d2f  /*  G,,(t-T,x)*[{ — — 57  -  c}3  e](T,x)dT  satisfies 
7  0  1 3  eg(w+z,o)  xx 

the  same  properties  as  were  stated  in  Lemma  2.7. 

Proof .  First,  observe  that 


(2.88) 


’  c}3xx0(t'x>  e  c((0'"); 


_  _l  -l-g 

(2.89)  l{ — ST  -  c}3  8  (t,x)  I  <  MK2t  2(1+t)  2  ,  for  all  t  >  0  . 
egtw+z,wi  xx 

Proceeding  similarly  to  the  proof  of  Lemma  2.10,  we  can  easily  verify  that 
J?(t,x),  3xJ7(t,x)  satisfy  the  required  properties.  Next,  recalling  the  fact 

that  3 _ G-, ( t,x)  *  —  e  at6(x)  +  H0(t,x),  where  H_(t,x)  e  C((0,“);  L1)  with 

the  estimate  (1.53),  we  can  write 

3xxJ7(t'x)  "  ^  3xxG13(t"T'x)‘C{V^rT0T  '  c}3xx0HT'X,dT 


(2.90) 


ll  8xxC»lt-T-x,,|1;;(J'x,9)  -  c)3x«91l,-»)dT 


and  estimate  these  two  inegrals  separately.  Using 
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(2.91)  lH  (t,x)l  <  Mt  ,  for  all  t  >  0  (which  follows  from  (1.53))  , 

8 


for  the  first  Integral  and 

(2.92) 

for  the  second  Integral,  we  obtain 

(2.93) 
and 


lH_(t,x)l  <  Mt  ,  for  all  t  >  0  , 

8 


3  J?(t,x)  e  c((o,-)>  l  ) 


(2.94) 


13  J_(t,x)l  <  MK2t  2(1+t)  2,  for  all  t  >  0  . 

xx  7 


Lemma  2.12.  J„(t,x)  d-f  G _ (t-t,x)*3  {p(w+z,0)  +  aw  +  az  +  bO}(T,x)dT 

o  U  X 

2 

satisfies  the  properties  (D)  of  (Step  I)  with  K  replaced  by  MK  ,  except 
v(0,x)  *  Vq  and  (2.11).  In  addition,  Jg(0,x)  «  0. 

Proof .  Breaking  Jg(t,x)  Into  two  parts  by 


(2.95) 


JQ(t,x)  -  G22(t-T,x)*3 x{p(w+z,0)  aw  +  az  +  b0}(T,x)dT 

2 

t 

+  J2  3xG22(t-T,x)*{p(w+z,0)  +  aw  +  az  +  b0}(T,x)dT  , 


we  can  easily  find  (2.8),  (2.9)  with  K  replaced  by  MK^  with  the  aid  of 
(2.50)  and  (2.51),  which,  combined  with  the  dominated  convergence  theorem, 
also  yield 

(2.96)  J0(t,x)  e  C([0,«);  L1),  Jg(0,x)  -  0 

(2.97)  3  J.(t,x)  e  C((0,-)>  L1)  . 

X  O 

Since  *^xxG22^t-T'x^  not  ^■nte9rable  over  (0,t),  it  is  rather 

complicated  to  estimate  13  J  (t,x) I.  First,  recalling  (0.10)  and  (2.19),  we 

XX  8 

write 

(2.98)  p(w+z,0)  +  aw  +  az  +  b0  ■  £  b  wqzr9S 

2<q+r+s  qrS 
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and  define 


n 

(2.99)  P  (t,x)  =  l  b  wqzr9S  , 

n  2<q+r+s  qrS 

(2.100)  JQ  (t,x)  -  /J  G,,(t-T,x)*3  F  <T,x)dT  . 

o  /  n  u  zjl  x  n 

Then,  Fn(t,x)  converges  to  {p(w+z,0)  +  aw  +  az  +  b0}(t,x)  in  (R) 

uniformly  on  (0,*)  as  n  ♦  ".  Therefore,  3  J  (t,x)  converges  to 

xx  n 

3  J0(t,x)  in  D*((0,®)  *  R).  Since  F  (t,x)  is  a  finite  series,  we  can 
xx  o  n 

estimate  3  J_  (t,x)  term  by  term.  Set 
xx  8  g  n 

(2.101)  2qr8(t'X)  “  3xx  ^t  G22<t"T,x)*3x{wqzr0S}(T'x)dT  * 

2 

Assuming  Lemma  2.13  which  will  be  proved  subsequently,  we  see  that 

(2.102)  Qqrgtt/*)  “  -3x{wqzr0s}(t,x)  +  G22(|,x)*3x{wqzr68}(|,x) 


+  /£  3xG22(t-r,x)*3T{wqzrSs}(T,x)dT 
2 

-a  l\  3xG12(t-i,x|*3x{wV08}(T,x)dT 

2 

-b  3xG32(t-T,x)*3x{wqzr0s}(T,x)dT 
2 


holds  in  D*((0,«)  *  R).  Considering  each  term  of  the  right-hand  side,  we 
deduce  that,  for  q  >  1, 


(2.103) 


Qqrs(t,x)  e  c( (0,»)  j  M  ) 


and 

(2.104) 
where  M 
r+s  >  2, 


_1  a 

,Cqrs(t'x)*  *  (q+r+s)MKq+r+St  2(1+t)  2,  for  all  t  >  0 
is  independent  of  q,  r,  s,  K  and  t.  For  the  case  q  =  0, 
we  note  that 
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(2.105) 


3xx(z  9  }(t,x)  e  C((0,®);  M) 


1  -1-a 


• 3xx(zr98} (t,x) I  <  (r+s) (r+s-1 )MKr+st  2(1+t)  2  ,  for  all  t  >  0  , 


where  M  Is  independent  of  r,  s,  K  and  t,  and  use  the  formula 
(2.106)  Cors(t,X)  “  3xG22(t-T>x)*3xx{zr6s}(T,x)dT 


to  find  that 


(2.107) 


Q  (t,x)  e  C( (0 ,*) >  L  ) 
ors 


(2.108)  IQ  ( t,x) I  <  (r+s) (r+s  -  1)MKr+St  2(1+t)  2,  for  all  t  >  0  . 

ors 

Next,  set 


(2.109) 


Recalling  that 


Rqrs(t'X)  =  3xx  ^  G22(t-T'X>*3x{wq2r08}(T'x)dT  * 


(2.110) 


3xxG22(t'X)  e  C((0*“)>  M) 


13  G__(t,x)l  <  Mt  ,  for  all  t  >  0  , 

xx  22 


we  get,  for  the  case  q+r+s  >  2, 


(2.111) 


r  ( t , x )  e  c((0,»)j  M)  , 

qrs 


(2.112)  ,Rqrs(t'X>11  41  W+r+s)MKq+r+St  2(1+t)  2,  for  all  t  >  0  . 


From  the  properties  of  Qqra»  Rqrg  and  the  fact  that 


l  b  (q+r+s)  A 
2<q+r+s  qrS  2 


q+r+s 


is  an  absolutely  convergent  series,  it  follows 


(2.113) 


3  Ja  „<t,x)  e  C( (0,»);  M) 

XX  O  j  n 
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2  a 

(2.114)  13  JQ  (t,x)l  <  MK2t  2(1+t)  2 ,  for  all  t  >  0,  n  >  2  , 

xx  o#  n 

(2.115)  13  J  (t,x)  -  3  J  (t,x)l  ♦  0  uniformly  on  each  compact  subset 

XX  o / n  XX  o  f K 

of  (0,*)  as  n,  k  +  00 . 

Hence,  we  conclude  that 

(2.116)  3  JQ(t,x)  e  C((0,«),-  M)  , 

xx  o 

_  i  - 

(2.117)  13  JQ(t,x)l  <  MK2t  2(1+t)  2 ,  for  all  t  >  0  . 

XX  O 

To  complete  our  argument,  we  shall  present: 

Lemma  2.13.  Let  g(t,x)  e  C((0,*)j  L1  n  BV),  3tg(t,x)  e  C((0,“);  L1),  and 

set  Q(t,x)  =  G22(t-T,x)*3xg(T,x)dT.  Then,  it  holds  that 

2 

(2.118)  3xxC(t,X)  ”  "3x9(t,x)  +  G22(2'X)*3X9(2'X) 

+  3xG22(t-T,x)*3Tg(T,x)dT 

2 

3xG12(t-T,x)*3xg(T,x)dT 

2 

-b  /*  3xG32(t-T,x)*3xg(T,x)dT  in  P*((0,“)  x  r)  . 

2 

Proof.  Define 

max(j,t-e) 

(2.119)  Qe(t,x)  =  ft  G22(t-T,x)*3xg(T,x)dT  . 

2 

Then,  it  is  easily  seen  that  Q£(t,x)  *  Q(t,x)  in  x  r)  and  hence, 

3xxQ£(t,x)  ♦  S^Qf^x)  in  P*((0,-)  x  r).  m  the  mean  time,  we  have,  for 

0  <  e  <  |, 


-50- 


(2.120)  3xxQe<t,x)  *  f*~C  3xxG22(t-T/x)*3xg(T,x)dT 

2 


-  K 


t-e 


3xG12(t-T,x)*3xg(T,x)dT  "  b  /t 


t-e 


3xG32(t-T,x)*3xg<T,x)dt 


2 


2 


4 


+  /^‘E  3tG22(t-T,x)*3xg(T,x)dT  , 

2 


which  follows  from  the  identity 

3xxG22(t'X)  “  ”a3xG12(t'X)  “  b3xG32(t,X>  +  3tG22(t'X>  in  x  R)  • 

But  we  see  that 


/I"  3tG22(t-T/x)*3xg(T/x)dT  -  G22(|.x)*3xg(|,x)  -  G22(e,x)*3xg(t-e.x) 
2 


(2.121) 


+  /b-E  3xG22(t-T,x)*3Tg(T,x)dT 
2 


and 


—1  -CP* 

G  (e ,x)*3  g(t-e,x)  *  H  (e,x)*3  g(t,x)  + F F  {e  it  g(t,t)} 

(2.122)  *  x  * 

+  G22(e,x)*{3xg(t-e,x)  -  3xg(t,x)>  , 

which  follows  from  Lemma  1.9.  Using  the  fact  that 

(2.123)  IH, . (e ,x) I  +0  as  e  ♦  0 

14 

and  that  for  each  fixed  t  >  0, 

(2.124)  I3xg(t-e,x)  -  3xg(t,x)l  +0  as  e  >  0 


— 

(2.125)  e  it  g(t,t)  ♦  it  g(t,t)  in  tempered  distribution  as  e  +  0  , 

we  can  easily  obtain  (2.118)  by  letting  £  tend  to  zero. 

We  proceed  to  estimate  the  remaining  integrals.  Let  us  define 
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(2.126) 


P0(W+Z,3) 

J9(t,x)  =  JQ  G2jt-T,x)*[( e  (w^2/-9y  (^6)  +  d}3xv](T,x)dT  , 

y 


(2.127)  ■  /;  G21(t-t.,).(  ■  ,^r87  (3xv)2KT,,)dt  , 

o 


(2.128)  J11(t,x)  -  /;  G23(t-T<x)M{efl-(-J2--e-  -  0)3^0]  (T,x)dT 


Then,  proceeding  analogously  to  the  proof  of  Lemmas  2.9  to  2.11,  we  can  obtain 
the  following  result: 

Lemma  2.14.  Jg(t,x),  J1Q(t,x)  and  J11(t,x)  satisfy  the  same  properties  as 
were  stated  in  Lemma  2.12. 

Lemma  2.15.  J12(t,x)  d~f  G32 <t-T ,x) *3x{p(w+z, 0 )  +  aw  +  az  +  b0}(T,x)dT 

satisfies  the  properties  (E)  of  (Step  1)  with  K  replaced  by  MK  ,  except 
0(0, x)  =  0Q,  (2.16)  and  (2.17).  In  addition,  J^2(0,x)  *  0  holds. 

Proof .  The  assertions  concerning  J12(t,x),  3  J  (t,x)  and  3  J  (t,x)  can 
be  verified  by  the  method  of  proof  of  Lemma  2.12.  But  G32  (t,x)  behaves 
better  than  G00(t,x)  and  hence,  we  can  estimate  13  J._(t,x)l  more 

directly.  Note  that  (1.81)  yields 

(2.129)  ,®xxG32^t'X^ *  *  Mt  1+^'  for  t  >  a11  0  <  8  <  -j  . 

Combining  this  with  (2.51),  we  can  easily  derive  that 

(2.130)  3xxJ12(t,x)  e  c<{0'")'  l1) 

-1  a 

(2.131)  13  J,-(t,x)l  <  MK2t  2(1+t)  2,  for  all  t  >  0  . 

xx  12 

It  remains  to  estimate  |  |  | **xxJ^t'x^  ^ a*  Usin9  (1.81),  (1.82)  and  (1.133), 
we  conclude  that 

(2.132)  3  G  (t,x)  e  C((0,»);  A^'")  , 

xx  23  a 
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r 


(2.133) 


a  2 

'"3xxG23(t'x)"'a  <  Mt 


<  Mt 


"*! 


by  0  < 


<  I 


Therefore,  we  have 


I  I  •3xxJ12(t,x)  HU  *  /JlH  3xxG23(t_T,x)  *  *  la,3x^P<w+z*0)+aw+az+b0^T'x> ,dT 


(2.134) 


,  -1+  f  . 

<  MK  (t-T)  (1+T)  dT 


-1-g  _  a 

<  MK2t  2  (1+t)  2,  for  all  t  >  0  . 


(Here  we  have  used  again  the  fact  that  0  <  a  <  —  . ) 


def  ,t  p0(w+z,0)  _ 

=  In  G„(t-T,x)« -nr  (0+0)  +  d}3  V)(T, 


x)dx 


aer  r  t 

Le«ma  2.J6.  J13(t,x)  =  JQ  ^3  1  ^(w+z,^) 

satisfies  the  same  properties  as  were  stated  in  Lemma  2.15. 

Proof .  Using  Lemma  1.11  and  the  identity 

(2.135)  3  G  (t,x)  =  c3  G  (t,x)  +  d3  G  (t,x)  in  D*((0,*°)  x  r) 

t  33  xx  33  x  23 

we  can  proceed  similarly  to  the  proof  of  Lemma  2.9  to  arrive  at 


<2. 136) 


J13(t,x)  e  C([0,»);  L  ) ,  J13(0,x)  =  0 


IJ  (t,x)l  <  MK  ,  for  all  t  >  0 


(2.137) 


3xJ13(t'X)  e  C((0,«);  L  ) 


»3xJ13(t,x)l  <  MK2(1+t)  2, 


53- 


for  all  t  >  0 


(2.138) 


3  j,,(t,x)  e  c( (o ,*) j  l  ) 

xx  13 


1 


13  J,„(t,x)l  <  MX2t  2(1+t)  2,  for  all  t  >  0  . 

xx  13 


Next  we  will  estimate  | | ] 3 xx J 1 3  ^ ' x  ^ I ^ a*  Writing 


p0(w+z,6)  _ 

(2-,39>  3xxJ13lt'x’  '  4  Sx°33(t-,'xl*3xt<V^97  (<M”  *  d^3xv3{T'x>dT 

2 


t 

r2 


P0(W+Z,6) 

+  li  3  G,,(t-T,x)«[{  ——rr  (6+6)  +  d}3  v](T,x)dT 

■'0  xx  33  eQ(w+z,0)  x 


and  using 


(2.140) 


3xG33(t'X>  e  C((0'“),  Ai'") 


-1-a 


ll|3xG33(t'X)IMa  <  Mt  '  for  all  t>0  , 


(2.141) 


3xxG33(t'X)  e  C((0'"),  Aa'*) 


-1-f 

ll|3xxG33(t'X)|,lo  <  Mt  '  for  311  t>0  ' 


which  follows  immediately  from  (1.95)  and  a  modification  of  Lemma  1.14,  it  can 
be  easily  deduced  that 


3  J.,<t,x)  e  C((0,-)»  a]/") 

xx  13  o 


(2.142) 


-1-g  _  o 

|||3xxJi3(t*x)IMa  <  f«2t  2  (1+t)  2>  for  all  t>0 
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Lemma  2.17.  J_(t,x)  d2f  /*  G„_(t-T,x)*{ — tA — rr  O  v)2}(T.x)dT  satisfies 

—————  14  o  egvw+*,'jj  x 

the  same  properties  as  were  stated  in  Lemma  2.15. 

Proof .  The  assertions  concerning  J14(t,x)  and  d^J^lt.x)  can  be  verified 
analogously  to  the  proof  of  Lemma  2.10.  By  the  same  argument  as  in  Lemma 
2.16.  we  can  estimate  Id  J  (t,x)l  and  |||d  J  (t,x)|||  .  The  technical 

XX  1  /  XX  1  /  Qfc 

details  are  left  to  the  reader. 

Next  we  shall  present  some  lemmas  which  will  be  used  later  on. 

Lemma  2.18.  if  g  e  L*(R),  then  for  any  h  e  R, 


(2.143) 


/£  |g(x-t)|dt  <  1 g(y+h)  -  g(y)|dy 


holds  for  all  x  e  R. 

00  . 

Proof.  Let  q  (x)  e  C„(R),  n  *  1,2...  ,  such  that  q  *  |q|  in  L  .  Then. 

- n  u  n 

we  have 


(2.144) 


/J  Vx_t,dt  m  /;  dt  3y9n<y~t)dy  -  /?-  dy  Iq  3y9n(y-t)dt 

*  /*•  t9n<y>  ■  9n(y-h)}dy  <  |gR(y+h)  -  gn(y)|dy 


It  is  obvious  that 


(2.145)  /g  gn(x-t)dt  ♦  /g  |g(x-t)Jdt,  for  each  x  e  R,  h  e  R  , 


(2.146)  lgn(y+h)  -  gn(y)|dy  ♦  /_„  Ilg(y+h)|  -  |g(y)||dy,  for  each  h  e  R 
from  which  it  follows  that 

(2.147)  | g(x-t) | dt  <  /_„  1 1 g(y+h) |  -  |g(y)||dy  <  J _m  |g(y+h)  -  g(y)|dy  , 
for  all  x  e  R,  h  e  R. 


Lemma  2.19.  Let  f3(x)  =  fj(x)f2(x),  where  f^x)  e  L1  n  BV  and 

f_(x)  e  A1'  .  Then  f„(x)  e  A1'  and 
2  a  3  a 


(2.148) 


I  I  I  f  3 (x)  I  I  I  a  <  f  la^tx)!  l||f2(x)|||a  . 


Proof .  Set  f^  n(x)  -  f^x)  *  P^x)  and  f3>n(x)  ”  f^n(x)f2(x).  Then,  we 
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(2.149) 


If.  (x+h)  -  f,  (x)l  <  If,  ( x+h )  { f  ( x+h )  -  f — ( x ) } I 
3  f  n  3 1  n  i  /  n  *  * 

+  l{f  (x+h)  -  f,  (x)}f  (x)l  , 
1  j  n  l  f  n  z 


and,  using  Lemma  2.18, 


(2.150) 


/_»  dx|f2(x)|  /jj  !3xf  1/n(x+t)  Idt  =  /qZ-o*  lf2(x"t)l  l3xf1>n(x)ldx<lt 

41  /_«  l3xfi,n<X>*dX  *f2(y+h)  "  f2(y),dy 


for  all  h  e  R.  Combining  these  two  inequalities,  we  get 


(2.151) 


Xi 


Since  f.  (x)  +  f.(x)  in  L1,  there  is  a  subsequence  {f.  }  such  that 

1 ,n  1 

f.  (x)  +  f„(x)  almost  everwhere.  Moreover, 

1,nk  1 

lf1  n ( x ) I  m  <  j  ,3xfi  n(x)l  <  2  ,3xf1(x)l'  for  a11  n  >  1  • 


lf,(x)l  „  <  j  I3xf i (X) I  . 

L 

Hence,  f  (x)  +  f,(x)  weakly  in  L1,  which  implies  f,  (x+h)  +  f_(x+h) 
3'\  3  3<nk  3 

weakly  in  L1  for  each  h  e  R,  from  which  it  follows  that 

1 1 lf3<x) | | 1^  <  lim  |||f3  (x)|||a  <  |  *3  f  (x)l  lllf  (x)|||  . 

k 

How  we  proceed  to  analyze  the  remaining  integrals. 

Lemma  2.20.  J15<t,x)  d2f  /J  G33<t-T,x)* { -  cja^e]  (T,x)dr 

satisfies  the  same  properties  as  were  stated  in  Lemma  2.15. 

Proof .  Using  Lemma  1.11  and  the  method  of  proof  of  Lemma  2.11,  we  can  easily 
estimate  IJ15(t,x)»  and  ,3xJi g(t»x) » .  For  3xxJi 5* t»x> •  we  should  employ 
a  different  method  since  13  G33< t-T,x) I  is  not  integrable  over  (0,t).  For 

convenience,  let  us  set 
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(2.152) 


Next  define 

(2.154)  re(t'x)  =  /^Lax<t_e'°  '033  <  t-x  ,x)*B(  T#X)  dx  . 

Then,  obviously  r  (t,x)  ♦  J._(t,x)  in  P*((0,®)  *  R)  as  e  ♦  0,  which 
implies  3  T  (t,x)  ♦  3  J  (t,x)  in  V*U 0,®)  *  R).  Noticing  that,  for  each 

XX  £  XX  1  j 

e  >  0, 


max(t  -e,0) 

13  r  (t,,x)  -  3  ?  (t0,x)l  <  J  _  13  G,,(t  -T,X)I  lB(T,x)ldT 

xx  c  1'  xx  e  *>'  •'max(t2-e,0)  xx  33  1 


(2.155) 


max(t2-e,0) 


,3XxG33(trT'X)  "  3xxG33(VT'X)'  ,B(T'x)'dT 


holds  for  all  0  <  t^  <  t^ ,  we  conclude  that 

(2.156)  3  r  (t,x)  e  C(t0,«)i  L1)  . 

XX  £ 

In  the  mean  time,  for  0  <  e  <  t. 


(2.157) 


3xxre(t'x)  ”  /rG/-  3xxG33(t-T,x-y>B<T'y)dydT 

-  /r£/:.  3xxG33^-t,x-y){B(T,y)  -  B(T,x)}dydT 


is  valid  from  Lemma  1.11.  Now  fix  any  closed  interval  [T1,T2)  c  (0,®). 
Then,  using  (2.157),  we  find  that 
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(2.158) 


•3  r  (t,x)  -  3  r  <t,x)i 

XX  XX 


t-e. 


<  /t_e1dT  f-m**  J_»dy I x-y I a 1 3  G  ( t-T , x-y )  |  lB(TrY>"B^rx->  I 

2  I y-x | 


t-e. 


-  /t_>  /:j>dqlr|a|3^G33(t-Ttr)|^T^^tr)I 

t  2  3  |r| 

t-t  m 

<  /t_gdT  1 1 |B(r,x) 1 1 la  /_„dr  |r|  I 3xxG33(t~T,r) * 


t-e. 


-1-«  -1-0  _1+  a 


<  MK2  /  1dT  t  2  (1+T)  2  {(t-T)  2  +  (t-T)_1+01}, 

t”C2 

by  (2.153)  and  (1.97)  , 

-  1-q  -1-g  a  a 

<  MK2^2  ( 2+T1 )  2  {e^  +  e22  +  +  e2a} 


bolds  for  all  0  <  e  <  e  <  ^  t.  and  all  t  e  [T,,T,].  Hence,  3  r  (t,x) 
converges  in  L1  uniformly  on  each  compact  subset  of  (0,“)  as  e  ♦  0, 
which  implies 

(2.159) 
and 

3xxJ15(t'X)  “  linl  J“X<t  E'0)/_.  3xxG33(t-T,x-y)  {B(T,y)  -  B(T,x)}dydT 

(2.160) 


3xxJ15(t'x)  e  C<(0'")»  L  ] 


e+0 


-  Jg  Cm  3xxG33(t-T,x-y) {B(T,y)  -  B(T,x)}dydT  , 

for  each  t  >  0.  Using  this  formula  and  the  fact  that  0  <  a  <  -j,  we  can 

estimate  13  J..(t,x)l  in  parallel  with  (2.158): 

xx  15 


(2.161)  13  J15(t,x)l  <  /gdx  dx  /"„dy  I x“y I “l dxxG33i t-t, x-y ) 

I  y~x  | 


-i-q  -i-q  _1+  q 

<  MK2  f*  dl  T  2  (1+T)  2  {(t-T)  2  +  (t-T)-1+a> 


-58- 


<  MK2t  2 (1+t)  2,  for  all  t  >  0  . 


Next  we  shall  estimate  ||  |3  J.jg(t,x)|  ^or  each  fc  >  0,  and  prove  that 


3xxJ15*t,X*  e  c^0'"^'  a  ) *  Fix  any  t  >  0.  If 


<  I  h  | , 


a 

,3xxJ15(t'X+h)“3xxJ15(t'X)l  2  2  2  ^ 

(2.162)  - — - - -  <  - -  13  J  (t,x) I  <  MK2t  2  (1+t) 

..  ,a  a  xx  15 

11,1  J 


Now  suppose  [h| 


</?. 


—  •  3  J.-(t,x)  can  be  written  in  the  form 

Z  XX  1  D 


(2.163) 


3xxJ15(t,x)  =  ^t-n^-“  3xxG33<t"T,X_y) {B(T,y>  "  B(T*x>^dydT 

+  /q  n^-«  3XXG33 *t_T/X-y)B(T,y)dydT,  for  any  0  <  n  <  t  . 


Let  us  denote  the  first  double  integral  on  the  right-hand  side  by  Ij(t,x) 
and  the  second  one  by  I2(t,x).  Then, 


(2.164) 


13  J,c<t,x+h)  -  3  J1R(t,x)l  <  U.tt.x)!  +  -5—1  I_(t,x+h)-I, (t,x)l  . 

|h|°  “  15  XX  15  |hi°  1  |h|“  2  2 


2  t 

By  taking  n  =  h  <  — ,  we  have 


■J—  ll  1  ( t,x)  I  <  -±-  /^ndT  dx  Oy|x-y|a|3xxG33(t-T,x-y)| 


|B(T,y)-B(T,x) 


(2.165) 


-»♦! 


- 1-a  -1-a 

1+<*i_  2  _ _  2 


<  /^ndT{(t-T)  2  +  (t-T)-1+a}T  2  (  1  +  T) 


<  MK2t  2  (1+t)  2 


By  virtue  of  the  identity 


(2.166)  /o’n03xxG33(t"T'h+X"y>  "  3xxG33(t-T,x-y)}B(T,y)dydT 


/J"11/ r»t/J  3XXxG33(t"T'X"y+C,dCHB(T,y)  -  B(  T, x)  JdydT 
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iv  i  Q 


which  follows  from  Lemma  1.11,  we  find  that 


(2.167) 


~ll2(t,x+h)  -  I2(t,x)l 


<  ±s  ir « o« 

I h i  I  y*X( 


Substituting  q  =  y,  r  *  x-y  and  using  the  inequality 


(2.168) 


|r|a  <  2a|r+C|a  +  2°|C|°,  for  all  r,C  S  R  , 


(2.167)  becomes 


~H2(t,x+h)  -  I2(t,x)l 


(2.169) 


<  fo~n*r  Or  /"wdq{/|h  1  1 3XXX®33^ t"T*r+5)  1  ( I r+£ I 0  +  |C|“) 

|b| 


<  2a|h|1_a  ^■I’dT|||B(T,x)|||a  J_„dr  lrlVxxxG33<t-T,r)| 


+  f?a|h|  IT'*  lllB(T,x)|||a  /".dr  |3„,G„(t-x,r)| 


xxx  33 


-1-Q  -1-0  -3+o  3  .  „ 

■  '  ——  ——  —  —  —  f  d 

<  MK2  |h| 1-01  Jg~ndr  t  2  (1+t)  2  {(t-x)  2  +  (t-T)  2  } 


-l-o  -l-o 

+  MK2|h|  Jg~ndT  T  2  (1+T)  2  (t-T) 


2  t 

Taking  n  **  h  <  —  as  before  and  breaking  each  integral  of  the  last  two  terms 


into  two 


„  ,  rt-n  ft-n  .  r2 

parts  by  )Q  -  +  JQ. 


we  can  obtain  the  estimate: 


(2.170)  -i—  II  (t,x+h)  -  I,(t,x)l  <  MK2t  2  (1+t)  2,  for  all  0  <  |h|  <  f\  . 

|h|®  2  2  2 
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Combining  (2.162),  (2.165)  and  (2.170),  we  conclude  that 

-1-g  a 

(2.171)  | | |3xxJ15(t,x) | | la  <  MK2t  2  (1+t)  2,  for  all  t>0  . 

Finally,  we  shall  prove  the  continuity  in  t  >  0.  Fix  any  t^,  t2  such  that 
0  <  ^  4  fc1  and  0  <  e  <  t2  <  t^  <  L.  By  (2.160),  (1.96),  we  can 

write,  provided  0  <  0  <  — , 

(2.172)  ^^(t^x)  -  3xxJ15(t2,x)  =  ax8G33(T«*-y,<B(t1-T,y)  -  8(^-1, y) 


-  B(tt-T,x)  +  B(t2-T,x)}dydT 

t.  “ 

+  /t  /_«  3xxG33(T.x-y)B(t1--t,y)dydT 

+  /t2  /_»  3xxG33(T'X-y){B(tr^y)  “  B(t2~T,y)}dydT 
~2 

^2 

+  /2  /!.  3xxG33(T'X"y){B(tl'T'y)  ~  B(t2-T,y)}dydT  . 

Denote  the  integrals  on  the  right-hand  side  by  E1(t1,t2,x),  E2(t1,t2,x), 

E3(t1,t2,x)  and  E4(t1,t2,x)  according  to  their  orders.  Analogously  to 

(2.165),  (2.169),  it  holds  that 

~~  >E  (t  ,t  ,x+h)  -  E  (t  ,t  ,x)l  <  lE  ( t  ,t_ ,x)  I 

|h|a  1,2  112  |h|a  1  1  2 

(2.173) 

<  /JdT  /_wdx  /“„ dy  lx-y|°l3xxG33(T,x-y)| 

|h| 

|B(t1-T,y)-B(t2-T,y)-B(t1-X,X)+B(t2-T,x) | 

I y-x  I  ° 
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1+  a 

<  J^dT  {*  2  +  T-1+a}|  I  iBCt^-TjX)  -  B(t2“T,x)  |  |  la 

I  h  | 


a 

J, 


2  *2 

<  M(1+t‘)  supt  | | | B(t^-T,x)  -  B(t2-T,x) | | la,  provided  n  -  h  <  — 
0<T<^ 


(2.174) 


|h| 


-  lE2(t1,t2,x+h)  -  E^t^t^x)! 

-3+a  _  2  +a  -1-a  -1-Q 

<  MK2  /  ’dT  |h|1"°{T  2  +  T  2  }(t  -T)  2  (1+t  -T)  2 

2 


_  t 

+  MK  /  dT  |h|  T  ‘‘(t  -T)  Z  (1+t  -T) 
2 


3 

2. 


-1-a 
2 


•  1-a 


1-a 


-3+a 


-  I  +«  -  1 

<  MK2(trt2)  2  {|h|1_“(t2  2  +  t2  2  )  +  |h|t2  2}  . 


For  E3(t1,t2«x),  we  need  to  use  the  expression: 


V*2 


(2.175) 


E3(t1,t:2,X)  "  -/0  3xxG33(t2“T'X“y)B(T,y)dydT 


+  /trt2^-{3XX633 (trT'x-y>  "  3xxG33(t2-T,x-y)}B(Tfy)dydT 


,5”  +(t,-t  ) 

+  Jt  J_.  3xxC333(t1-T/x-y)B(X,y)dydT  . 


Denote  the  integrals  on  the  right-hand  side  by  Ejft^tjjX),  E6(t1,t2,x) 
and  E-7(t1«t2>x)  according  to  their  orders.  Then,  imitating  the  development 
of  (2.169),  we  have 


Ih| 


-  I^(t1ft2fx+h)  -  E5(t1#t2,x)l 


(2.176) 
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(1  +  T) 


2  3  -1-a  - i-a 

+  MX2  1 h I  /2  1  2  dT(t  -T)  2T  2  (1+T)  2 

t2 


•1-a  -1-a 


-1+a  -1+a 


<MK2(|h|1_a+  |h|)t22  (1+t2)  2  {-(^-  +t1-t2)  2  +  2 


t,  -  4  +a  t  "  4  +a  t 

■(r+trV  +  (r) 


1  t  -i 

2  .  r  2 -i  2, 


-  (2  +trt2)  2  +  2> 


Repeating  the  previous  argument,  we  obtain 


|h| 


a,E4(ti't2'x+h)  “  E4(t1't2'x)l 


<2*179)  !i  ^3+a  _3+a 

*  Mk2  fr\  dT  I h 1 1  atT  2  +  T  2  }  sup  t  |||B(t1“X,x)  -  B(t2~X,x)  |  |  |( 

t,  , 

2  _  3 

+  MK2  /2  dT  | h | T  2  supt  | | |B(t1-X,x>  -  B(t2-Xfx)|||o 

Ae(a,^] 

-1+a  -1+a  -  1  +  1 

<  MK2{|h|1-at22  +  |hl  1"0tn  2  +  lh|1"at2  2  +  |h|1_an  2 

-  1  _  1 

+  lh|t2  2  +  |h|n  2}  X  sup  t  | | 1 B ( t1 — X ,x)  -  B(t  -X,x)|||a 

Xeto,-^] 

a  * 

<  MK2(1  +  t2)  sup  t  | | lB(t1~ x,x)  -  B(t2~X,x) I  I ta, 

Xe[o,~ .] 

2 

provided  n  =  h  <  — 


By  (2.173),  (2.174),  (2.176)  to  (2.179),  we  conclude  that 
lim  sup  1 


■W*0  0<|hi<I  |h| 


_  “  93  J,,(t,,x+h) 

e  . .  ,  a  xx  1 5  1 


(2.180)  e<t2<t1<L 


-  3  J  c(t  ,x+h)  -  3  J,_(t,,x)  +  3  J  _ (t  ,x) 1 

xx  1 5  2  xx  1 5  1  xx  15  2 


=  0 
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On  the  other  hand 


(2.181)  lira  sup  — 113 xxJ15(t1x+h>  "  3xxJ15(t2'x+h> 

|trt2l>0  §<|h|  |h|“  504  15  1  xx  15  2 

e<t2<t1<L 


‘  3xxJ15(tl'x)  +  axxJ15(t2'x)' 


‘  2<|)  ,  ',«x,15<V’°  •  SxJ.Jl5<t2'xl‘  ■  0  • 


ltrt2l^o 

e<t2<t1<L 

Since  £,  L  were  chosen  arbitrarily,  (2.180)  and  (2.181)  yield 
3xxJ.5(t'x>  ' 

Now  let  us  summarize  what  we  have  obtained  in  Theorem  1.13  and  Lemmas  2.3 


to  2.20. 

Proposition  2.21.  Suppose  w(t,x),  z(t,x),  v(t,x)  and  8(t,x)  are  defined 
by  (2.26)  to  (2.29).  Then  we  have : 

(I)  w( t, x)  e  C([0,»);  L1),  w(0,x)  =  uq ( x ) ,  3xw(t,x)  e  C([0,»);  M) 

3tw(t,x)  e  C( ( 0 ,“ ) ;  L1),  3t3xw( t,x)  e  C({0,»);  M) 


1-m 

(2.182)  lw(t,x)l  <  (pM1  +  M2K2)(1+t)  2  ,  for  all  t  >  0  , 

m 

(2.183)  I3xw(t,x)l  4  (MM1  +  M2K2)(1+t)  2 ,  for  all  t  >  0  , 

m 

(2.184)  I3tw(t,x)l  <  (uM^  +  M2K2)(1+t)  2 ,  for  all  t  >  0  , 

_  JL  5  m 

(2.185)  I3t3xw(t,x)«  <  (MM1  +  M^Mt  2  +  t  2)(1+t)  2 ,  for  all  t  >  0  , 


where  U  is  the  bound  for  the  size  of  initial  data  (see  Theorem  1.13)  and 
M.| ,  Mj  are  constants  independent  of  V,  K  and  t. 

(II)  z(t,x)  e  C((0,«);  L1),  z(0,x)  =  0,  3xz(t,x)  e  C([0,»);  L1) 
a  *<t,x)  e  C( ( 0 ) ;  M) 
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(2.186) 


for  all  t  >  0 


lz(t,x)l  <  UM1  +  M2K2, 

_ 

(2.187)  I3xz(t,x)l  <  (MM1  +  M2K2)(1+t)  2,  for  all  t  >  0  , 

-  —  - 

(2.188)  la^ztt.x)!  <  (yM1  +  M2K2)t  2(1+t)  2,  for  all  t  >  0  . 

(Ill)  v(t,x)  e  CUO,-),  L1),  v(0,x)  -  vQ(x),  3xv(t,x)  e  C((0,-);  L1), 
S^vttfX)  e  C((0,»);  M) 

(2.189)  lv(t,x)l  <  MM1  +  M2K2,  for  all  t  >  0  , 

_  _1 

(2.190)  I3xv(t,x)l  <  <yM1  +  M2K2)(1+t)  2 ,  for  all  t  >  0  , 

-  1  _  £ 

(2.191)  ,3xxV(t'x)l  <  (w<i  +  M2K2)t  2(1+t)  2 /  for  t  >  0  . 


(iv)  0(t,x)  e  c( [o ,*) j  l7),  0(0, x)  -  eQ(x),  3x0(t,x)  e  c((o,-)»  l1) 

3xx0(t,x)  e  C((0'*)J  Aa'"} 

(2.192)  I0(t,x)l  <  UM1  +  M2K2,  for  all  t  >  0  , 

_  ± 

(2.193)  I3x0(t,x)l  <  (yM1  +  M2K2)(1+t>  2,  for  all  t  >  0  , 

_  2  _  o 

(2.194)  ,3xx9<t'X)l  <  (WM1  +  M2K2)t  2(1+t)  2 ,  for  all  t  >  0  , 

-1-q  a 

(2.195)  1 1 ,3xx®(t'x)l 1 *a  <  (MMi  +  M2R2)t  2  (1+t)  2'  for  aU  t  >  0  • 
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3tv(t,x)  e  c((o,«)i  M) 

for  all  t  >  0  , 


for  all  t  >  0  , 

a 

(2.199)  I3fc0(t,x)  -  d3xv(tfx)l  <  M3(yM1  +  M2K2)t  2(1+t)  2 ,  for  all  t  >  0  , 

where  M3  is  a  constant  Independent  of  U,  H^,  Mj,  K  and  t. 

These  two  propositions  complete  our  proof  that  (w(t,x),  z(t,x),  v(t,x), 
0(t,x))  e  x*  provided  that 

(2.200)  l»(1  +  M3)(1+M1)  <  K  , 

(2.201)  (1  +  M3)M2K  <  ~  . 

(Step  III).  We  shall  prove  that  T  is  a  contraction.  Let  (w^.z^.v^jO^)  » 
T<wi'zi'Vi'8i)'  for  ®  i  "*  1»2.  Then,  we  need  .the 

following  expressions: 

(2.202)  Wl(t,x)  -  w2(t,x)  =  -/*  G12(t-T,x)*{ai(T,x)  -  02(T,x)}dT 

2 

t 

+/q  e  I{p(w1+z1,01 )  +  aw1  +az1  +  bO^ 

-  {p(w2+z2,02)  +  aw2  +  az2  +  b02}](T,x)dt  , 

where  ^(^x)  -  P<Vzi'Vx  "  VWWi  "  p6(WWi  +  *3xV 
i  -  1,2. 


(2.197) 


_  J. 

I3tv(t,x)l  <  MJ(UM1  +  M2K2)t  2, 


(2.198) 


3fc0(t,x)  6  C((0,»)|  L  ) 


I3t0(t,x)l  <  M3(hM1  +  M^2  )t  2, 
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(2.203)  z 1 (t/x)  -  z2(t#x)  =  -/*  G12(t-T,x). 


[{pu(W1+Zr91)+a}3xZ1  "  {pu(VZ2,92)+a}3xZ2 


+  {p0(w1+z1 ,01  )+1)}®x®1  “  ^p0^W2+Z2'92  )+b^3x02^  T'x*dT 
t 

-  J2  H5(t-T,x)*[{p(w1+z1<61)  +  aw^+  az1  +  bQ^ 


-  {p(w2+z2,02)  +  a«2  +  az2  +  b02}) (T,x)dT 


Pfl(w>z  ,0  ) 

-  /*  Gi,(t-t,x)«[{"  J-  — .(0+0.)  +  d}3  v 
*  0  13  egtw^+z^O^)  1  x  1 

pe(w?+z9,0?)  * 

0  2  2  2 


+  Jj  G13(t-T,x)«[f  ,-O.vJ2  -  _  A  a  ;(»„V,)*1( X,x)dT 


leg(w^+z1 ,0^ )  x  1  e0*w2+z2'62*  X  2 


+  fo  G13(t"T,x)*[{ 


VVVV  ‘  C}3-^  "  ’  c}3~V<T'x)dT 


'0'  2  2'  2' 


(2.204)  vt(t,x)  -  v2(t,x)  -  -/J  G22(t-T,x)*[3j{{p(w1+z1,01)  +  a*^  +  aZl  +  bO^ 


-  3x{p(w2+z2'92)  +  aw2  +  az2  +  b02^^T,X^dT 

.  P8(w  +z, ,0. ) 

-  /I  G  (t-T,x)*[ {—  1  1  (5+0  )  +  d}3  v 

0  23  e0(w  tz^O^)  1  x  1 

p0(w2+VV  x 

-  ,5+V  *  a,V21(,-x,dT 

*  fo  G23(t-,'X>*<j^-s^T<V1|2  -  ^iyi^T(V2|2)l,-,,)'11 
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*  It 


-  c}3  e4  -  { 


-  c}3  0,1  (T,x)dT 


(Wl+'i"0”)  "  CJ  xx°1  VWV  XX  2 


(2  .  205)0  ^  (t,x)  -  62(t,x)  =  -/*  G32(t-T,x)*[3x{p(w1+z1,01)  +  aw1  + 

-  3x^P(w2+Z2'02)  +  aw2  +  aZ2  +  b02^(T'x)dT 

pfi(w  +z  ,0  ) 

-  U  s3<t-T'x)*‘V'vVv  (5tv  *  d,9xvi 

Pfl(w_+Z  ,0,)  _ 

-  ^(VV.f)  "*V  *  d*9xv2JtT'X,dT 

♦  It  °33't-'-x'*{V^7V(9x’',>2  '  VV^V,9x'’2>2)(’-x>d' 

*  It  a33<t-t-x,*!tvv^T  -  °,sxx9,  -  {VVW  ‘  cl9'“e2,<,''',dT  • 


For  convenience,  let  9^  denote  (w^,z^,v^,0^),  i  =  1,2,  and  recall  that  the 
metric  d(*,*)  was  defined  by  <2.18).  For  technical  details  of  proofs  of  the 
following  lemmas,  the  reader  should  go  back  to  the  proofs  in  (step  II). 

Lemma  2.23.  It  holds  that 


(2.206)  Iw^t.x)  -  w2(t,x)l  <MKd(*1,«2)(1+t)  2  ,  for  all  t  >  0  , 


(2.207)  13  w.(t,x)  -  3  w  (t,x)l  <  MKd( *.,*.)( 1+t)  ,  for  all  t  >  0  , 

X  I  x  /  •  ■ 


(2.208)  13  Wyft'X)  -  3tw2(t,x)l  <  MKd(«1 ,*2 ) ( 1+t ) 


',  for  all  t  >  0  , 


(2.209) 


2,  _  ®  m 

13  3  w  ( t , x )  -  3  3  w. (t,x) I  <  MKd(*  ,*  )(t  2+t  2)(1+t)  2, 

t  x  1  tx2  12 


for  all  t  >  0  , 
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where  M  is  e  constant  independent  of  K,  4^ ,  4>  and  t. 

Proof.  Denote  by  J^(t,x),  J2<t,x)  the  first  and  second  integral  on  the 
right-hand  side  of  (2.202),  respectively.  We  can  prove  above  inequalities  by 
the  same  procedure  as  in  Lemmas  2.3,  2.5,  and  hence,  it  suffices  to  provide 
estimates  for  essential  objects  which  occur  in  the  process  of  proof.  For 


J^(t,x),  we  need: 

(2.210)  ,{Pu(w1e+21e'61e)  +  a}3xwie 


{p  )  +  W  I 

u  26  26  26  x  26 


s  Mia  w. i i i o  w.- 

X  1  X  1 


x  1  x  2 


+  m{I3  w_l  +  13  z„l  +  13  6  I } 1 3  w  -3  w„l 
x  2  x  2  x  2  x  1  x  2 

-1-m 

<  MKd(*1#*2)(1+t)  2  ,  for  all  t  >  0  , 


where  w±c  -  w^P,,  -  z^,  0^  -  O^P,,  i  -  1,2, 


(2.211)  lMqra(t,x)l  <  (q+r+s+1)2MKq+r+8d(*1,*2)(1+t)  2,  for  all  t  >  0  , 

_  1  _  —  _2 

(2.212)  ,^xMqrB(t'x,,  <  (q+r+s+1)3MKq+r+Sd(*1,*2)(t  2+t  2)(1+t)  2, 

for  all  t  >  0  , 

where  Mqra<t,x)  d2f  3fc  /b  G12(t-T,x)*{(wq+1  >^0®  -  <w2+1  >xz202HT,x)dT.  For 

"  2 
J2(t,x),  we  need: 

(2.213)  l{p(w1+z,|  ,©1 )  +  aw1  +  az^  +  b©^  -  {p(w2+z2,02>  +  aw2  +  az2  +  be2}< 


<  MKd(*1 ,*2 ) ( 1+t)  ,  for  all  t  >  0  . 


(2.214)  ,3x{p<w1+z1*®1 )  +  +az1  +  b@1 }  -  3x^Pfw2+z2 '®2 )  +  aw2  +aZ2  +  b02*1 


<  MKd(*1,42)(1+t)  ,  for  all  t  >  0  . 
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Lemma  2.24.  It  holds  that 

(2.215)  lz  (t,x)  -  z2(t,x)l  <  MKd(*1#*2),  for  all  t  >  0  , 


(2.216)  13^2^ (t,x)  -  3xz2(t,x)l  <  MKd(*1#*2)(1+t)  ,  for  all  t  >  0  , 


(2.217)  13  z  (t,x)  -  3  z  (t,x)l  <  MKd(*1,®,)t  2(1+t)  2,  for  all  t  >  0  . 

XX  1  XX  4  *  • 


Proof .  Let  us  denote  the  five  integrals  of  (2.203)  by  J3(t,x),  J4(t,x), 
J-(t,x),  J, (t,x)  and  J,(t,x)  in  sequence.  To  get  the  above  estimates,  we 
go  through  the  same  process  as  in  Lemmas  2.7  to  2.11  with  the  following 
estimates.  For  J3(t,x) ,  we  need: 

,{]?u(VZ1'01,+a}3xZ1  +  (P0(w1tz1,91)+b>3xei  -  <Pu<Vz2'02)+a}3xz2 


(2.218) 


-1 


(2.219) 


“  tPe<w2+V02>  +  b}3xV  <  MKd(VV(1+t>  *  for  all  t  >  0  . 

,3xl{pu(w1+Zr81,+a}3xZ1  +  {pe(VVei,+b)3xV  {Pu(w2+Z2,62)+a}3xZ2 

_  1  -1-« 

“  tP0(w2+z2'92)+bJ3x02] 1  <  MKd(*1,*2)t  2(1+t)  2  ,  for  all  t  >  0  . 


For  J„(t,x),  we  use  (2.213)  and  (2.214).  For  Jc(t,x),  we  need: 
4  3 


t 
f  2 


(2.220)  */q  G1;J(t-T,x)*{(w1+z1  >3^  -  (w2+z2)3xv2>(T,x)dxl  <MKd(*1,*2)  , 

for  all  t  >  0,  which  can  be  obtained  like  the  proof  of  (2.59). 


(2.221) 


t 

(2 


I l0  G13(t-T,x)*{6i3xv1  -  023xv2}(T,x)dTl  < 

t 

«  '/J  G.jCt-T.*)*  3  (•,»,«,  - 

t 

*  '/«  =,3,,;-T'X,*(91(,xV1  -  \  Vi’  -  W2  -  3 
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<  MKd(*1,®2)  , 


which  follows  from 


1  “ 

sup  t2(1+t)2l3  8  -  d3xVl  -  3t92  +  dS^I  <  <!(•,, *2)  . 

t>0 


1  i  v(v,i>90?3xvi  -  L  vvv^&v 


2<q+r  «r  1  11X1  2<q+r  «r 


(2.222) 


<  MK2d(*1,*2)(1+t)  2  , 


for  all  t  >  0 


(2.223) 


■VWV 

VWV 


( e+el )  + 


P9(V«2>92) 

VWV 


( 0+®2 )  +  d^3xv2l 


<  MWU^ftjHI+t)"1,  for  all  t  >  0  . 


pfl(wf+zf,9  )  Pfl(w2+Z2'82)  - 

13  — T(S-»-e.)  +  d}3„vj  -  3_[{/.A.  "a  »(«+«..>  +  d}3„v,]l 


x  •g(«r1+s1#81)  1 


(2.224) 


»  V.J  "  »  l  V  .  ~  a  r\vi 

x  1  x  e0^w2+z2'  2  2 


1  -  1-a 


x  r 


<  MKd(*1f*2)t  2(1+t)  2  ,  for  all  t  >  0  . 


For  J,(t,x)  and  J  (t,x),  we  needs 
o  / 


'e^Wj+z^Oj )  *3xv1  *  e0^w2+z2 ' 92^ 


_  1  -1-Q 

(3_v„)2|  <  MKd(*1f*2)t  2(1+t)  2  , 


(2.225) 


for  all  t  >  0  . 
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(2.226) 


13  a  t< 3  v,)2}  "  3  {  t  ~  ~n~~r ( 3  v,)2}l 

x  x  1  x  eg^w2+z2'02  X  2 


<  MKd(*1#*  Jt^d+t)"0,  for  all  t  >  0 


(2.227)  l{ 


1  -  c}3  6  -  {-  1 


egtWj+x^Oj)  w“xx-'l  le0^w2+z2,02^  C^3xx02l 

_  1  -1-Q 

<  MKd(*  ,*  )t  2(1+t)  2  ,  for  all  t  >  0  . 

Lemma  2.25.  It  holds  that 

(2.228)  Iv^t.x)  -  v2(t,x)l  <  MKd(*1,*2),  for  all  t  >  0  , 


(2.229)  ,3xv1(t*x)  "  3xV2<t*x>l  <  MKd(*  ,*  >(1+t)  ,  for  all  t  >  0  , 


(2.230)  la^V^t.x)  -  3xxv2<t,x)l  <  MKd(*1f*2)t  2(1+t)  2 ,  for  all  t  >  0 

Proof.  Define 

(2*231 )  0„.(t,x>  -  /*  S22(t-T.x»*(»x(w^8‘)  - 


and 


(2.232)  R  (t,«)  -  3^  /J  G22(t-t,x)*(3x(w^)  -  S^.Jx^UlT.xldT 


qrs 

Then,  we  have 


(2.233)  >Q  (t,x)l  <  (q+r+s)2MKq+r+8"1d(*1,«,)t  2<1+t)  2, 

4*8  1  Z 

for  all  t  >  0,  q+r+s  >2,  q  >  1 


(2.234)  ,Qor8<t'x>1  4  (r+s)2(r+s-1)MKr+S"1d(*1,$2)t  2<1+t)  2, 

for  all  t  >  0,  r+s  >  2, 


(2.235)  «Rqrs(t,x)l  <  (q+r+s)2MKq+r+8"1d(*1,«2)t  2(1+t)  2, 

for  all  t  >  0,  q+r+s  >  2 
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These  inequalities  combined  with  (2.213),  (2.214),  (2.222)  to  (227)  and  the 
inequalities  analogous  to  (2.220),  (2.221)  will  yield  (2.228),  (2.229)  and 
(2.230)  by  the  same  procedure  as  in  Lemmas  2.12,  2.14. 

Lenina  2.26.  It  holds  that 

(2.236)  18^ (t,x)  -  02(t,x)l  <  MKd(*1#*2),  for  all  t  >  0  , 

_  J_ 

(2.237)  »3x01(t,x)  -  3xe2(t,x)l  <  MKd(*f,*2)(1+t)  2,  for  all  t  >  0  , 

1_  a 

(2.238)  13  0.(t,x)  -  3  0  (t,x)l  <  MKd(*  ,*  )t  2  (1+t)  2  for  all  t  >  0  , 

XX  1  XX  *  V  2 

-1-g  _  a 

(2.239)  Hia^Vt,*)  “  3xx®2(t,x)!lla  <  MKd(*i,*2)t  2  (1+t)  2, 

for  all  t  >  0  . 

Proof.  In  addition  to  the  inequalities  used  in  the  proof  of  Lemma  2.25,  we 
need  only  the  following  inequality] 


lfvv^r  -  ‘wvV  "  c,s’°'l>2lt'x,"l°  ‘ 


(2.240) 


-1-g  -1-a 

<  MKdtO^^Jt  2  (1+t)  2  ,  for  all  t  >  0  , 


which  is  easily  seen  from  Lemma  2.19.  Repetition  of  the  arguments  in  the 
proof  of  Leonas  2.15  to  2.20  gives  (2.236)  to  (2.239). 

Lemma  2.27.  It  holds  that 

_  J 

(2.241)  l3^*i  (t,x)  -  3fcz2(t,x)l  <  MKdO^HI+t)  2,  for  all  t  >  0  , 

_  j 

(2.242)  ,3tV1(t'X>  -  3^v2 (t,x) I  <  MKdt^,*^  2,  for  all  t  >  0  , 

_  J 

(2.243)  la^tt.x)  -  3t02(t,x)l  <  MKdt^,*^  2,  for  all  t  >  0  , 
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T 


(2.244)  I3t91(t/x)  -  d»  v^t.x)  -  3t92(t,x)  +  d3xv2(t,x)l 


<  MKd(«1#*2)t  2(1+t)  2,  for  all  t  >  0  . 

Proof.  The  assertions  follow  immediately  from  the  above  lemmas  and  the 


equations : 


(‘V^i-vVt  ■  <vrVx 


(2.245  )< 


(v1-v2)t  “  a(w1+z1-w2-z2)x  +  b(6r02)x  +  (v,-^ 

\  -  {p(w1+z1,01)  +  aw1  +az1  +  b91  -  Ptw2+Z2'02>  ”  *W2  ~  aZ2  ~  b°2^x 


I  -  -  -  -  -  -  p0(wi+zi'6i ) 

‘  a«'r,-v2>.  *  '<9,-V«  -  t;.T.7.-9,)|8*V  *  d)V> 

will 

pn(w  +z  ,9  )  . 

+  {  )  +  d}3  v,  +  — ; — ~ - 5T(3  v,  > 

e6(w2+Z2,02  2  X  2  e0(w1+Z1,91)  X  1 

ee(w2+z2,02)  (3xV2}  +  ^e0(w1+z1#91)  "  C^xx91  ”  ^qI*2+Z2'  °2  *  C^3xx02 


From  Lemmas  2.23  to  2.27 ,  we  deduce: 


Proposition  2.28.  T  is  a  contraction  if 


(2.246) 


M.K  <  1  , 

4 


where  is  the  sum  of  all  M  which  appear  in  Lemmas  2.23  to  2.27  plus 

three  times  M  in  (2.209). 

Now  we  are  in  a  position  to  conclude  the  proof  of  our  main  theorem. 
First  choose  K,  such  that  (2.19),  (2.201),  (2.246)  and 


(2.247) 


0  <  K  <  min(3,u) 


hold.  Then  T  is  a  contraction  from  x  into  itself  if  ji  >  0  is  so  small 
that  (2.200)  holds,  and  the  unique  fixed  point  of  T  is  a  solution  of  (0.11), 
(0.7)  by  setting  u  ■  w+z,  which  is  easily  seen  from  (2.30).  Our  proof  is 
completed  by  the  following  lemma  which  implies  that  this  solution  is  also  a 
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solution  to  (0.6) 


Lemma  2.29.  Let  (u,v,0)  be  the  solution  mentioned  above.  Then, 


(2.248) 

3  e(u,0)  =  e  (u,0)3  u  +  efi(u.6)3  6  , 

t  u  t  8  t 

(2.249) 

3fc(-  v2)  ■  v3fcv  »  -v3xp(u,0)  +  vd^v  • 

(2.250) 

3x{vp(u/0)}  *  (3xv)p(u,0)  +  v3xp(u,0)  , 

(2.251) 

3  (v3  v)  “  (3  v)3  +  v3  v  , 

XX  X  XX 

(2.252) 

eu(u,0)3tu  =  {($+6)pg(u,0)  -  p(u,0)}3xv 

hold  in  P*((0,<">)  x  r). 

Proof.  First  of  all,  we  note  that  e  (u,0),  e„(u,0)  e  C((0,®)i  L  ), 

-  u  o 

p(u,0)  e  C((0,“);  L1  n  BV)  and  v,0  e  C((0,*)»  CQ),  which  follow  from  the 
properties  of  x  and  the  fact  that  W1 ' 1  c  CQ.  Suppose  e  is  any  given 
positive  number  and  define 

Ug(t,x)  -  J£  P^(t-i)u(t,x)*p^(x)dT  , 


vfi(t,x)  -  JE  Pfi(t-T)v(T#x)*Pj(x)dT  , 

0fi(t,x)  *  /"  P6(t-T)0(T,x)*P6(x)dT  , 

where  0  <  6  <  e.  Then,  we  see  that 

•  2  1  1 

ufi(t,x)  e  C  (R  )  n  C  (Rj  L  n  BV)  , 

v^(t,x)  e  c  (r2)  n  c(R i  w1'1)  n  c ^ (R;  M)  , 

0j(t,x)  e  c  (r2)  n  c(R»  w1'1)  n  c^Rj  l1)  , 

and 


Ug(t,x)  ♦  u(t,x)  in 

3tu6(t,x>  *  3tu(t'x) 
3tV6(t'x)  *  3tv<t,x) 
0^(t,x)  ♦  0(t,x)  in 
for  each  t  e  [2e,®)  as 


L1,  9xUg(t,x)  +  3xu(t,x)  weak  *  in  M 
in  L1,  v^(t,x)  ♦  v(t,x)  in  CQ  n  w1'1 
,  3  v.(t,x)  ♦  3  v(t,x)  weak  *  in  M 

XX  0  XX 

C0  nw1'1,  3t0^(t,x)  ♦  3t0(t,x)  in  L1 
5  ♦  0.  Hence,  it  holds  that 
le(u^,0j)  -  e(u,0)l  ♦  0  , 
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eu(u6'e5)3tu6  +  e0(u6'e6)3t05  +  eu(u'6)3tu  +  ee<u'6>3t0  in  ^  > 

~  2  2  1  "  „  “  . 

♦  v  in  L  ,  vj3tv,5  +  v°tv  wea^  *  in  M  , 

vjP<u5*0§)  vp(u,9),  <3xv6)p(u6,96)  ■*■  (3xv)p(u,0)  in  L1  , 

v6^xP^u6'^63  *  v** xP(u'0)  weak  *  in  M,  vfi0xvg  *  V0XV  in  ^  • 

(3v. )2+(3v)2  in  l\  Vf 3  v,  -►  v3  v  weak  *  in  M  , 

X  o  X  0  XX  o  XX 

for  each  t  e  [26,-),  from  which  (2.248),  (2.250),  (2.251)  and  the  first  part 
of  (2.249)  follow,  since  e  was  arbitrarily  chosen.  Using  the  fact  that 
v  e  C((0,«);  CQ),  -3^(11, 6)  +  e  C<(0,“);  M)  the  second  part  of  (2.249) 

follows  from  the  equation: 

3tv  =  +  3xxv  in  P*((0,“)  x  r) 

Finally,  (2.252)  is  an  immediate  consequence  of  (0.9). 

Remark  2.30.  It  has  not  been  proved  that  the  solution  we  obtained  above  is 
unique,  which  is  still  open.  However,  the  solution  has  an  interesting 
feature:  if  the  initial  data  have  jump  discontinuities,  then  the 
discontinuities  of  v,  0  vanish  instantaneously  while  the  strength  of  jump 
discontinuity  of  u  vanishes  at  least  as  fast  as  the  inverse  of  a  polynomial. 
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APPENDIX 


[A1]  We  shall  prove  that  the  expression  (2.36)  is  valid.  First  note  that 

w  e  c’no,-);  L1  n  BV>,  z  e  ^((O,-);  L1  n  BV)  f)  C((  0,»);  w1'1). 

Sec1  ((<),•)»  L1 )  dC((0,")i  w1'1),  from  which  we  have 

(W^1)  zrS8  -  -w^*-1  (zr98)  +  (wq+1zr0s)  e  C((0,~),*  M) 

x  x  x 


wqr+1zrea  e  c1((o,")j  l1)  . 


Next  we  define 


max(t-e,-)  . 

N1  £(t,x)  -  -Jt  G12(t-T,x)*{w‘r  (z  6  )x>(T,x)dT  , 


N2.e't-X>  *  U 


raax(t-e,— )  . 

t  G12(t-T,x)*(w™  z  0  )(T,x)dt  . 


Then  N  (t,x),  N  (t,x)  are  well-defined  and  In,  (t,x)  +  33  N_  _(t,x)  * 

1  ft  tl/E  t  X  2|  £ 

Mqrs<t,x)  in  x  R>*  Since  3tG12(t,x)  «  3xG2-,(t,x)  in 

V*((0,m)  x  r),  G12(t,x)  e  C1  ( ( 0  ,*") ;  L1).  At  the  same  time,  we  see  that 

G12(t,x)  e  C( [0,«)>  L1)  with  G12(0,x)  -  0,  3xGi2(t'x)  = 

H5(t,x)  -  e  ati(x),  and  Hs(t,x)  e  C((0,")j  L1)  with  lH,.(t,x)l  < 

1  l-i 

2  6 

M(t  +  t  )  ,  for  all  t  >  0.  Now  we  can  compute  3  N  (t,x)  and 

t  1  f  £ 

3fc3xN1  e(t,x)  by  integration  by  parts  which  is  valid  from  the  properties 
stated  above.  Then,  letting  t  >  0,  we  obtain  the  result. 

[A2J  We  shall  prove  that  (w,z,v,0)  defined  by  (2.26)  to  (2.29)  satisfies 

(2.30)  in  P*((0,®)  x  r).  (2.30)  can  be  written  in  the  form  with  different 


notations , 


-78- 


(3.1 ) 


where 


(3.2) 


f  u  =  v 

t  x 

/  vt  =  aux  +  b0x  +  Vxx  +  fn(t,x) 

A  -  dvx  +  c9xx  +  f2(t,x)  , 

f  f 1 (t, x)  e  C((0,«);  M ) 

V  lfj(t,x)I  <  M( 1+t )  \  for  all  t  >  0  , 


f 2 ( t ,  x)  e  C( ( 0 ,“) ;  L  ) 


(3.3) 


lf2(t,x)l  <  Mt  2 (1+t)  2,  for  all  t  >  0 


Applying  the  Fourier  transform,  (3.1)  with  given  initial  data  yields 
(3.4)  Y(t,U  =  A(S)Y(t,C)  +  F(t,S)  , 


(3.5) 


where  F(t,5)  * 


f, (t,C) 

f-^t,?), 


and  A(£),  Y(t,C)  are  given  by  (1.2). 


(3.2),  (3.3),  it  follows  that 


From 
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(3.2) * 

(3.3) * 

Since  Uq 
each  €  e 

(3.6) 

We  recall 
all  t  >  i 
satisfies 

for  all  1 
Fi  Y(t,5) 
(w+z,v,9) 


f  f^t/C)  e  C((0,°°)j  C(R)  n  l”) 
l  If t (t,C ) I  <  M(1+t)_1,  for  all  t  >  0  , 


f  f2(t,C)  e  c((o,»)>  cq(r)) 

1a  -1-1 

t  lf2(t,C)«  „  <  Mt  2(1+t)  2  ,  for  all  t  >  0  . 

L 

v0,  e  L1  n  BV,  we  have  UgtC),  v0(5),  0Q(5)  e  CQ(R).  Now  for 

R,  the  unique  solution  to  (3.4),  (3.5)  is  given  by 

Y(t,t)  =  G(t,£)Y(0,£)  +  /q  G(t-T,C)F(T,£)dT  . 

that  G_(t,£)  e  C(  (0 ,“) ;  C(R)  n  L*)  and  lGi;)(t,^)l  „  <  M,  for 

A  „  L 

,  i,j  ■  1,2,3.  Hence,  it  is  obvious  that  Y(t,S)  given  by  (3.6) 

-rjl  Y(t,C)«t(t)*(5)dtdC  *  A(C)Y(t,C)«Kt)«K£)dtdC 

+/*J “  F(t,C)«Ht)«H5)dtde  , 

OB 

1  e  CQ ( ( 0 ,°“ ) )  and  ^  of  the  Schwartz  space  in  R.  Therefore 
satisfies  (3.1)  in  J7*((0,a*)  *  R).  But  F^Y(t,€)  is  precisely 
given  by  (2.26)  to  (2.29). 
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